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Abstract. For any non-degenerate, quasi-homogeneous hypersurface singularity, we de- 
scribe a family of moduli spaces, a virtual cycle, and a corresponding cohomological field 
theory associated to the singularity. This theory is analogous to Gromov-Witten theory and 
generalizes the theory of r-spin curves, which corresponds to the simple singularity A,-_i . 

We also resolve two outstanding conjectures of Witten. The first conjecture is that 
ADE-singularities are self-dual; and the second conjecture is that the total potential func- 
tions of ADE-singularities satisfy corresponding ADE-integrable hierarchies. Other cases 
of integrable hierarchies are also discussed. 
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1. Introduction 

The study of singularities has a long history in mathematics. For example, in algebraic 
geometry it is often necessary to study algebraic varieties with singularities even if the ini- 
tial goal was to work only with smooth varieties. Many important surgery operations, such 
as flops and flips, are closely associated with singularities. In lower-dimensional topology, 
links of singularities give rise to many important examples of 3-manifolds. Singularity 
theory is also an important subject in its own right. In fact, singularity theory has been 
well-established for many decades (see [AGV|). One of the most famous examples is the 
ADE-classification of hypersurface singularities of zero modality. We will refer to this 
part of singularity theory as classical singularity theory and review some aspects of the 
classical theory later. Even though we are primarily interested in the quantum aspects of 
singularity theory, the classical theory always serves as a source of inspiration. 

Singularity theory also appears in physics. Given a polynomial W : C" >- C 

with only isolated critical (singular) points, one can associate to it the so-called Landau- 
Ginzburg model. In the early days of quantum cohomology, the Landau-Ginzburg model 
and singularity theory gave some of the first examples of Frobenius manifolds. It is sur- 
prising that although the Landau-Ginzburg model is one of the best understood models 
in physics, there has been no construction of Gromov-Witten type invariants for it until 
now. However, our initial motivation was not about singularities and the Landau-Ginzburg 
model. Instead, we wanted to solve the Witten equation: 



where W is a quasi-homogeneous polynomial, and m, is interpreted as a section of an ap- 
propriate orbifold line bundle on a Riemann surface % ?, 

The simplest Witten equation is the A,_i case. This is of the form 

du + ru'~ l = 0. 

It was introduced by Witten [Wi2| more than fifteen years ago as a generalization of topo- 
logical gravity. Somehow, it was buried in the literature without attracting much attention. 
Several years ago, Witten generalized his equation for an arbitrary quasi-homogeneous 
polynomial HWi31 and coined it the "Landau-Ginzburg A-model." Let us briefly recall the 
motivation behind Witten's equation. Around 1990, Witten proposed a remarkable con- 
jecture relating the intersection numbers of the Deligne-Mumford moduli space of stable 
curves with the KdV hierarchy ITWill . His conjecture was soon proved by Kontsevich [Ko|. 
About the same time, Witten also proposed a generalization of his conjecture. In his gener- 
alization, the stable curve is replaced by a curve with a root of the canonical bundle (r-spin 
curve), and the KdV-hierarchy was replaced by more general KP-hierarchies called nKdV, 
or Gelfand-Dikii, hierarchies. The r-spin curve can be thought of as the background data 
to be used to set up the Witten equation in the A f _i-case. Since then, the moduli space of 
r-spin curves has been rigorously constructed by Abramovich, Kimura, Vaintrob and the 
second author IIAJI Uall IJa2l IJKVD . The more general Witten conjecture was proved in 
genus zero several years ago IIJKV11 . in genus one and two by Y.-P. Lee MLeel . and recently 
in higher genus by Faber, Shadrin, and Zvonkine OFSZI . 
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The theory of r-spin curves (corresponding to the A r _i -case of our theory) does not need 
the Witten equation at all. This partially explains the fact that the Witten equation has been 
neglected in the literature for more than ten years. In the r-spin case the algebro-geometric 
data is an orbifold line bundle «if satisfying the equation _5f r = K\ og . Assume that all the 
orbifold points are marked points. A marked point with trivial orbifold structure is called 
a Ramond marked point, and a marked point with non-trivial orbifold structure is called 
a Neveu-Schwarz marked point. Contrary to intuition, Ramond marked points are much 
harder to study than Neveu-Schwarz marked points. If there is no Ramond marked point, 
a simple lemma of Witten's shows that the Witten equation has only the zero solution. 
Therefore, our moduli problem becomes an algebraic geometry problem. In the r-spin 
case the contribution from the Ramond marked point to the corresponding field theory is 
zero (the decoupling of the Ramond sector). This was conjectured by Witten and proved 
true for genus zero in MJKV1II and for higher genus in |Po|. This means that in the r-spin 
case, there is no need for the Witten equation, which partly explains why the moduli space 
of higher spin curves has been around for a long time while the Witten equation seems to 
have been lost in the literature. 

In the course of our investigation, we discovered that in the D„-case the Ramond sector 
gives a nonzero contribution. Hence, we had to develop a theory that accounts for the 
contribution of the solution of the Witten equation in the presence of Ramond marked 
points. 

It has taken us a while to understand the general picture, as well as various technical 
issues surrounding our current theory. In fact, an announcement was made in 2001 by the 
last two authors for some special cases coupled with an orbifold target. We apologize for 
the long delay because we realized later that (1) the theory admits a vast generalization to 
an arbitrary quasi-homogeneous singularity, and (2) the Ramond sector has to be investi- 
gated. We would like to mention that the need to invesigate the Ramond sector led us to the 
space of Lefschetz thimbles and other interesting aspects of the Landau-Ginzburg model, 
including Seidel's work on the Landau-Ginzburg A-model derived category ISel . In many 
ways, we are happy to have waited for several years to arrive at a much more complete and 
more interesting theory! 

To describe our theory, let's first review some classical singularity theory. Let W : 

C N «- C be a quasi-homogeneous polynomial. Recall that W is a quasi-homogeneous 

polynomial if there are positive integers d,ti\, . . . ,n„ such that W{A m x\, . . . ,A" N x„) = 
A d w(x\ , . . . , Xn). We define the weight (or charge), of x, to be qi := We say W is nonde- 
generate if (1) the choices of weights qi are unique, and (2) W has a singularity only at zero. 
There are many examples of non-degenerate quasi-homogeneous singularities, including 
all the nondegenerate homogeneous polynomials and the famous AZTE-examples. 

Example 1.0.1. 

A„: W = x n+l , n>\; 

D„: W = x"- 1 +xy 2 , n > 4; 

E 6 : W = x 3 +/; 

E 7 : W = x 3 + xy 3 ; 

Ex: W = x 3 +y 5 ; 

The simple singularities (A, D, and E) are the only examples with so-called central 
charge cw < 1. There are many more examples with Cy? > 1. 

In addition to the choice of a non-degenerate singularity W, our theory also depends on 
a choice of subgroup G of the the group Aut(W) of diagonal matrices y such that W(yx) = 
W(x). We often use the notation Gw '■= Aut(W), and we call this group the maximal 
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diagonal symmetry group of W. The group Gw always contains the exponential grading 
(or total monodromy) element J = diag(e lmqi , . . ., e 2mqN ), and hence is always nontrivial. 

Given a choice of non-degenerate W and a choice of admissible (see Section |2~31 ) sub- 
group G < Gw with (J) < G < Aut(W), we construct a cohomological field theory whose 
state space is defined as follows. For each y e G, let be the fixed point set of y and 
= W\ c n . Let J£y,G be the G-invariants of the middle-dimensional relative cohomology 

j{? y C = H mid (C N y , (9kW) _1 (M, oo), C) G 

of for M » 0, as described in Section[3] The state space of our theory is the sum 

The state space J%w,c admits a grading and a natural non-degenerate pairing. 

For ari , . . . , &k £ j%w,g and a sequence of non-negative integers ly , . . . , 4, we define (see 
Definition l4.2.6b the genus-g correlator 

{T h {a l ),...,T lk {ak))f G 

by integrating over a certain virtual fundamental cycle. In this paper we describe the ax- 
ioms that this cycle satisfies and the consequences of those axioms. In a separate paper 
|FIR2 1 we construct the cycle and prove that it satisfies the axioms. 

Theorem 1.0.2. The correlators (r/, (ai), . . . , Ti k (ak)}„' satisfy the usual axioms ofGromov- 
Witten theory ( see Subsection \4.2\ , but where the divisor axiom is replaced with another 
axiom that facilitates computation. 

In particular, the three-point correlator together with the pairing defines a Frobenius 
algebra structure on J%w,c by the formula 

(a-kJ3, 7 ) = (T (a),T (J3),T (y))f G . 

One important point is the fact that our construction depends crucially on the Abelian 
automorphism group G. Although there are at least two choices of group that might be 
considered canonical (the group generated by the exponential grading operator J or the 
maximal diagonal symmetry group Gw), we do not know how to construct a Landau- 
Ginzburg A-model defined by W alone. In this sense, the orbifold LG-model W/G is more 
natural than the LG-model for W itself. 

We also remark that our theory is also new in physics. Until now there has been no 
description of the closed-string sector of the Landau-Ginzburg model. 

Let's come back to the Witten-Kontsevich theorem regarding the KdV hierarchy in ge- 
ometry. Roughly speaking, an integrable hierarchy is a system of differential equations for 
a function of infinitely many time variables F(x, 1 1 , ti, ■ ■ ■ ) where x is a spatial variable and 
fi, t2, ■ ■ ■ , are time variables. The PDE is a system of evolution equations of the form 

= R„(x, F x , F xx , ■■■), 

ot„ 

where R„ is a polynomial. Usually, R n is constructed recursively. There is an alternative 
formulation in terms of the so-called Hirota bilinear equation which e F will satisfy. We of- 
ten say that e F is a T-f unction of hierarchy. It is well-known that KdV is the A i -case of more 
general AD/s-hierarchies. As far as we know, there are two versions of ADE-integrable hi- 
erarchies: the first constructed by Drinfeld-Sokolov |DS| and the second constructed by 
Kac-Wakimoto |KW|. Both of them are constructed from integrable representations of 
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affine Kac -Moody algebras. These two constructions are equivalent by the work of Hol- 
lowood and Miramontes I1HM1 . 

Witten's original motivation was to generalize the geometry of Deligne-Mumford space 
to realize ADE-integrable hierarchies. Now, we can state his integrable hierarchy conjec- 
ture rigorously. Choose a basis (i < s) of J%w,c- Define the genus-g generating function 



Conjecture 1.0.3 (Witten's ADE-integrable Hierarchy Conjecture:). The total potential 
functions of the A, D, and E singularities with the symmetry group (J) generated by the 
exponential grading operator, are r-f unctions of the corresponding A, D, and E integrable 
hierarchies. 

In the A„ case, this conjecture is often referred as the Generalized Witten conjecture, 
as compared to the original Witten conjecture proved by Kontsevich IKoL As mentioned 
earlier, the conjecture for the A„-case has been established recently by Faber, Shadrin, 
and Zvonkine [FSZ]. The original Witten conjecture also inspired a great deal of activ- 
ity related to Gromov-Witten theory of more general spaces. Those cases are 2-Toda for 
CP 1 by Okounkov-Pandharipande [OP] and the Virasoro constraints for toric manifolds by 
Givental IGi21 . Riemann surfaces by Okounkov-Pandharipande [OP1 1. In some sense, the 
ADE-integrable hierarchy conjecture is analogous to these lines of research but where the 
targets are singularities. 

The main application of our theory is the resolution of the ADE-integrable hierarchy 
conjecture, as manifested by the following two theorems. 

Theorem 1.0.4. The total potential functions of the singularities D n with even n > 6, and 
Ed, E~i, and E^, with the group (J) are T-functions of the corresponding Kac-Wakimoto/Drinfeld- 
Sokolov hierarchies. 

We expect the conjecture for D\ to be true as well. However, our calculational tools 
are not strong enough to prove it at this moment. We hope to come back to it at another 
occasion. 

Surprisingly, the Witten conjecture for D n with n odd is false. Note that in the case of 
n even, the subgroup (J) has index two in the maximal group Gd„ of diagonal symmetries, 
but in the case that n is odd, (/) is equal to Gd„ ■ In this paper we prove 

Theorem 1.0.5. 

(1) For all n > 4 the total potential function of the D n - singularity with the maximal di- 
agonal symmetry group Gd„ is a r-function of the A2 n -^-Kac-Wakimoto/Drinfeld-Sokolov 
hierarchies. 

(2) For all n > 4 the total potential function of W — x"~ l y + y 2 (n > 4) with the max- 
imal diagonal symmetry group is a T-function of the D„-Kac-Wakimoto/Drinfeld-Sokolov 
hierarchy. 

The above two theorems realize the ADE-hierarchies completely in our theory. More- 
over, it illustrates the important role that the group of symmetries plays in our construc- 
tions: when the symmetry group is Gd„ we have the A2„-3-hierarchy, but when the sym- 
metry group is (J), and when (J) is a proper subgroup of Gd„, we have the Z)„ -hierarchy. 




Define the total potential function 



= exp( JVs- 2 ^, G ). 
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Readers may wonder about the singularity W = x"~ l y + y 2 (which is isomorphic to 
A 2,1-3). Its appearance reveals a deep connection between integrable hierarchies and mirror 
symmetry (see more in Section|6]l. 

Although the simple singularities are the only singularities with central charge cw < 
1, there are many more examples of singularities. It would be an extremely interesting 
problem to find other integrable hierarchies corresponding to singularities with cw > 1 ■ 

Witten's second conjecture is the following ADE self-mirror conjecture which inter- 
changes the A-model with the B-model. 

Conjecture 1.0.6 (ADE Self-Mirror Conjecture). // W is a simple singularity, then for 
the symmetry group (J), generated by the exponential grading operator, the ring J^w,(j) is 
isomorphic to the Milnor ring ofW. 

The second main theorem of this paper is the following. 

Theorem 1.0.7. 

(1) : Except for D n with n odd, the ring Mw,{j) of any simple (ADE) singularity W 
with group {J) is isomorphic to the Milnor ring J3w of the same singularity. 

(2) : The ring J%h„,G Dn of D n with the maximal diagonal symmetry group Gd„ is iso- 
morphic to the Milnor ring J3a 2 „-3 ofW — x"~ l y + y 2 . 

(3) : The ring J^w,c w ofW — x"~ l y + y 2 (n > A) with the maximal diagonal symmetry 
group Gw is isomorphic to the Milnor ring £2d„ of D„. 

The readers may note the similarities between the statements of the above mirror sym- 
metry theorem and our integrable hierarchies theorems. In fact, the mirror symmetry the- 
orem is the first step towards the proof of integrable hierarchies theorems. 

Of course we cannot expect that most singularities will be self-mirror, but we can hope 
for mirror symmetry beyond just the simple singularities. Since the initial draft of this 
paper, much progress has been made by Rrawitz, Priddis and their collaborators UKrl [Pfl 
for invertible singularities. An invertible singularity has the property that the number of 
monomials is equal to the number of variables. This is a large class of quasi-homogeneous 
singularities. 

In general, it is a very difficult problem to compute Gromov-Witten invariants of com- 
pact Calabi-Yau manifolds. While there are many results for low genus cases HGilllLLYl 
0, as far as we know, there is not a single compact example where we know how to com- 
pute Gromov-Witten invariants in all genera by either mathematical or physical methods 
(for some recent advances see [HKQ|). 

Note that a Calabi-Yau hypersurface of weighted projective space defines a quasi-homogenenous 
singularity and hence an LG-theory. This type of singularity has cw = N - 2. In the early 
'90s, Martinec-Vafa- Warner- Witten proposed a famous conjecture [Mar], IVW1 . BWi4l 
connecting these two points of view. 

Conjecture 1.0.8 (Landau-Ginzburg/Calabi-Yau Correspondence). The LG-theory of a 
generic quasi-homogeneous singularity W/ Aut( W) and the corresponding Calabi-Yau the- 
ory are isomorphic in a certain sense. 

This is certainly one of the most important conjectures in the subject. The importance of 
the conjecture comes from the physical indication that the LG/singularity-theory is much 
easier to compute than the Calabi-Yau geometry. The precise mathematical statement of 
the above conjecture is still lacking at this moment (see [ChiR] also). We hope to come 
back to it on another occasion. 
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We conclude by noting that it would be a very interesting problem to explore how to 
extend our results to a setting like that treated by Guffin and Sharpe in BGS11 IGS2I. They 
have considered twisted Landau-Ginzburg models without coupling to topological gravity, 
but over more general orbifolds; whereas our model couples to topological gravity, but we 
work exclusively with orbifold vector bundles. 

1.1. Organization of the paper. A complete construction of our theory will be carried 
out in a series of papers. In this paper, we give a complete description of the algebro- 
geometric aspects of our theory. The information missing is the analytic construction of 
the moduli space of solutions of the Witten equation and its virtual fundamental cycle, 
which is done in a separate paper [FJR2]. Here, we summarize the main properties or 
axioms of the cycle and their consequences. The main application is the proof of Witten's 
self-mirror conjecture and integrable hierarchies conjecture for ADE-singularities. 

The paper is organized as follows. In Section 2, we will set up the theory of W- 
structures. This is the background data for the Witten equation and a generalization of 
the well-known theory of r-spin curves. The analog of quantum cohomology groups and 
the state space of the theory will be described in Section 3. In Section 4, we formulate a list 
of axioms of our theory. The proof of Witten's mirror symmetry conjecture is in Section 5. 
The proof of his integrable hierarchies conjecture is in Section 6. 
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2. W-CURVES AND THEIR MODULI 

2.1. W-structures on orbicurves. 

2.1.1. Orbicurves and line bundles. Recall that an orbicurve 'rf with marked points p\, . . . ,pk 
is a (possibly nodal) Riemann surface C with orbifold structure at each pi and each node. 
That is to say, for each marked point there is a local group G Pi and (since we are working 
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over C) a canonical isomorphism G Pi = Z/m; for some positive integer m,. A neighbor- 
hood of pi is uniformized by the branched covering map z z'"''- For each node p 

there is again a local group G p = Z/rtj whose action is complementary on the two different 
branches. That is to say, a neighborhood of a nodal point (viewed as a neighborhood of the 

origin of {zw — 0} c C 2 ) is uniformized by a branched covering map (z, w) ► (z" J , w n '), 

with rij > 1, and with group action e 2m/ " J (z, w) = (e 2m/ "'z, e~ 2lH!n 'w). 

Definition 2.1.1. We will call the orbicurve c € smooth if the underlying curve C is smooth, 
and we will call the orbicurve nodal if the underlying curve C is nodal. 

Note that this definition agrees with that of algebraic geometers for smooth Deligne- 
Mumford stacks, but it differs from that of many topologists (e.g., [CheRl|) since orbi- 
curves with non-trivial orbifold structure at a point will still be called smooth when the 
underlying curve is smooth. 

We denote by g : C the natural projection to the underlying (coarse, or non- 

orbifold) Riemann surface C. If Jz? is a line bundle on C, it can be uniquely lifted to an 
orbifold line bundle p*Jz? over . When there is no danger of confusion, we use the same 
symbol Jzf to denote its lifting. 

Definition 2.1.2. Let Kq be the canonical bundle of C. We define the log-canonical bundle 
ofC to be the line bundle 

K c ,\ og ■= K ® 0(pi) ® ■ • • ® 6{p k \ 

where G(p) is the holomorphic line bundle of degree one whose sections may have a simple 
pole at p. This bundle Kcxo% can be thought of as the canonical bundle of the punctured 
Riemann surface C — {pi,.. .,pk}. 

The log-canonical bundle of c € is defined to be the pullback to H of the log-canonical 
bundle of C: 

^r,iog := Q*KQi og - (1) 

Near a marked point p of C with local coordinate x, the bundle ^ciog is locally generated 
by the meromorphic one-form dx/x. If the local coordinate near p on ^ is z, with z m = x, 
then the lift Ky,iog : = £>*C^c,iog) is still locally generated by mdz/z = dx/x. When there 
is no risk of confusion, we will denote both Kqi os and K<gj og by K\ og . Near a node with 
coordinates z and w satisfying zw - 0, both K and K\ og are locally generated by the one- 
form dz/z = -dw/w. 

Note that although Q*Kc,i g = K<g t \ og , the usual canonical bundle does not pull back to 
itself: 

k 

q*K c = K v ® ff{- Yjim - l) Pi ) * K<g, (2) 

!=1 

where m, is the order of the local group at p,-. This can be seen from the fact that when 
x = z m we have 

dx = mz m ~ 1 dz. (3) 

2.1.2. Pushforward to the underlying curve. If Jz? is an orbifold line bundle on a smooth 
orbicurve ^ then the sheaf of locally invariant sections of ££ is locally free of rank one, 
and hence dual to a unique line bundle |Jz? | on % ?. We also denote |Jz? | by q*££ , and it is 
called the "desingularization" of Jz? in [CheRl Prop 4. 1.2]. It can be constructed explicitly 
as follows. 

We keep the local trivialization at non-orbifold points, and change it at each orbifold 
point p. If _Sf has a local chart A x C with coordinates (z, s), and if the generator 1 e 
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Z/m = G p acts locally on Jz? by (z,s) h-> (exp(27n/ra)z, exp(2niv/m)s), then we use the 
Z/m-equivariant map T : (A - {0}) x C ► A x C given by 

(Z,i) ► (z m ,<f"s), (4) 

where Z/m acts trivially on the second A x C. Since Z/m acts trivially, this gives a line 
bundle over C, which is |Jz?|. 

If the orbicurve ^ is nodal, then the pushforward Jz? of a line bundle Jz? may not be a 
line bundle on C. In fact, if the local group G p at a node acts non-trivially on Jz?, then the 
invariant sections of Jz? form a rank-one torsion-free sheaf on C (see 1AJI0 . However, we 
may take the normalizations and C to get (possibly disconnected) smooth curves, and 
the pushforward of Jz? from will give a line bundle on C. Thus |Jz? | is a line bundle away 
from the nodes of C, but its fiber at a node is two-dimensional; that is, there is (usually) 
no gluing condition on |Jz?| at the nodal points. The situation is slightly more subtle than 
this (see IIAJII ). but for our purposes, it will be enough to consider the pushforward |Jz? | as 
a line bundle on the normalization C where the local group acts trivially on Jz? . 

It is also important to understand more about the sections of the pushforward p.Jz?. 
Suppose that s is a section of |Jz?| having local representative g(u). Then (z,z v g(z m )) is a 
local section of Jz?. Therefore, we obtain a section g*(s) e £2°(Jz?) which equals s away 
from orbifold points under the identification given by Equation [4] It is clear that if s is 
holomorphic, so is g*(s). If we start from an analytic section of Jz?, we can reverse the 
above process to obtain a section of |Jz?|. In particular, Jz? and |Jz?| have isomorphic spaces 
of holomorphic sections: 

g* : //°(C,|J^|)=;i/ (^,Jz?). 

In the same way, there is a map g* : £2 0,1 (|Jz?|) ►• £l 0,1 (Jz?), where f2 0,1 (Jz?) is the space 

of orbifold (0, l)-forms with values in Jz?. Suppose that g(u)du is a local representative of 
a section of t e O 0,1 (|Jz?|). Then g*(t) has a local representative z v g{z m )mz m ~ l dz. Moreover, 
g induces an isomorphism 

g* : H x {C,\££\f=^H x {$,&). 

Example 2.1.3. The pushforward \K<^ \ of the log-canonical bundle of any orbicurve ^ is 
again the log-canonical bundle of C, because at a point p with local group G p = Z/m the 
one-form m dz/z = dx/x is invariant under the local group action. 

Similarly, the pushforward \K<^\ of the canonical bundle of c £ is just the canonical bundle 
ofC: 

\K<g\ = qJC v = K c , (5) 
because the local group Z/m acts on the one-form dz by exp{2ni/m)dz, and the invariant 
holomorphic one-forms are precisely those generated by mz m ~ l dz = dx. 

2.1.3. Quasi-homogeneous polynomials. 

Definition 2.1.4. A quasi-homogeneous (or weighted homogeneous) polynomial W e 
C[xi , . . . , Xff] is a polynomial for which there exist positive rational degrees q\,...,q^ € 
Q >0 , such that for any AeC* 

W{A qi xu...,A qN x N ) = XW{xi,...,x N ). (6) 

We will call qj the weight of Xi. We define d and n, for i 6 {1, ... , A^} to be the unique 
positive integers such that (q\, . . . ,q^) = (n\/d, . . . ,n^/d) with gcd(c/,«i, . . . ,n^) = 1. 

Throughout this paper we will need a certain nondegeneracy condition on W. 

Definition 2.1.5. We call W nondegenerate if 
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( 1 ) The weights qi are uniquely determined by W for all i e {1 , . . . , N], and 

(2) The hypersurface defined by W in weighted projective space is non-singular, (or 
equivalently, the affine hypersurface defined by W has an isolated singularity at 
the origin). 

Example 2.1.6. W = xy defines an isolated singularity at the origin. However, the weights 
are not unique. In fact, there are infinitely many choices of the weights. Therefore, it is not 
nondegenerate in our sense. 

From now on, when we speak of a quasi-homogeneous polynomial W, we will assume 
it to be nondegenerate. 

Definition 2.1.7. Write the polynomial W = 2y=i Wj as a sum of monomials Wj - 

Cj nf =1 x/', with bjt 6 Z-°, and with Cj + 0. Define the s x N matrix 

B w := (bjt), (7) 

and let Bw - VTQ be the Smith normal form of B BArl §12 Thm 4.3]. That is, V is an 
s x s invertible integer matrix and Q is an N x N invertible integer matrix. The matrix 
T = (tjt) is an j x W integer matrix with t# = unless t = j, and tt,t divides U+i,t+\ f° r 
each^E [l,...,N- 1}. 

Lemma 2.1.8. IfW is nondegenerate, then the group 

G w := [(at,..., as) e (C*) N \ W(aix u . . . ,a N x N ) = W(x\, . . .,x N )} 
of diagonal symmetries ofW is finite. 

Proof. The uniqueness of the weights g, is equivalent to saying that the matrix Bw has 
rank N. We may as well assume that B is invertible. Now write y = (at,. .., arjv) e Gw, 
as aj = exp(uj + vji) for Uj e R uniquely determined, and \>j e R determined up to 
integral multiple of 2m. The equation W(ac\X\, a^Xx) = W(x\, . . ., Xn) can be written 
as B(u + vi) = (mod 2ni), where u + vi = (u\ + v\i, . . . , Un + v^i) and is the zero vector. 
Invertibility of B shows that Uf = for all I. Thus Gw is a subgroup of U(l) N , and a 
straightforward argument shows that the number of solutions (modulo 2ni) to the equation 
B(\i) = (mod 2m) is also finite. □ 

Definition 2.1.9. We write each element y e Gw (uniquely) as 

y = (exp(27r/0j), . . . , exp(2ni® 7 N )), 

with ®J E [0, 1) n Q. 
There is a special element J of the group Gw which is defined to be 

J := (exp(27n'gi), . . . , exp(2niq N )), 

where the q, are the weights defined in Definition ^. 1.51 Since + for all i, we have 
= q\. By definition, the order of the element J is d. 
The element J will play an important role in the remainder of the paper. 

2.1.4. W -structures on an orbicurve. A ^-structure on an orbicurve c € is essentially a 
choice of line bundles Jz?i , . . . , so tnat for each monomial Wj = x* J 1 • • • xJ* we have 
an isomorphism of line bundles 

tpj . JzTj ■■■^£ N A log . 

However, the isomorphisms <pj need to be compatible, in the sense that at any point p there 
exists a trivialization Jz^| p = C for every i and Kt g\ = C • dz/z such that for all j e 
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{1, . . . , s] we have <fj(l, . . . , 1) = 1 • dz/z e C. If s — N we can choose such trivializations 
for any choice of maps [tpj], but if s > N then the choices of {<pj} need to be related. 
To do this we use the Smith normal form to give us a sort of minimal generating set of 
isomorphisms which will determine all the maps {tpj}. 

Definition 2.1.10. For any nondegenerate, quasi-homogeneous polynomial W £ C[xi, . . . , jc#], 
with matrix of exponents B w = (b(j) and Smith normal form B w = VTQ, let A := (ajt) := 
V~ 1 B = TQ, and let ii( be the sum of the entries in the £th row of V -1 (i.e., the £th term in 
the product V~ l (l, 1, . . . , l) r ). 

For any ( e {1, . . . , N] denote by A ( (Jf\ ,.. ., J£ N ) the tensor product 

A*(JSfi J2J5v) := JSff* 1 ® • • ■ ® J^ fl ™ 

We define a W -structure on an orbicurve ^ to be the data of an JV-tuple (jSfi , . . . , Jz?a0 
of orbifold line bundles on and isomorphisms 

^ : A ( (JC] [,..., Jzfw) — > ^ > i og 

for every i e {!,..., N]. 

Note that for each point p e c 6 ', an orbifold line bundle Jzf on induces a represen- 
tation G p ►• Aut(Jzf). Moreover, a W-structure on will induce a representation 

r p : G p U(l) N . For all our W-structures we require that this representation r p be 

faithful at every point. 

The next two propositions follow immediately from the definitions. 

Proposition 2.1.11. The Smith normal form is not necessarily unique, but for any two 
choices of Smith normal form B = VTQ = V'T' Q' a W-structure (Jz?i, . . . , J*?N,<pi, . . . ,<Pn) 
with respect to VTQ induces a canonical W-structure (J§fi, . . . , _2jv, tp[, . . . , ip' N ) with re- 
spect to V'T'Q ', where the isomorphism (p' t is given by 

# =£f ®---®^, 

and where Z = (z u ) := (V'y l V. 

Proposition 2.1.12. For each j € {1, . . . , s] the maps {<p(} induce an isomorphism 
^■:=^®---®^ : W>(J2fi J2f w ) 



= jSff* ® • • • ® ^® hN = jSff< Vican ® • • • J^ f v " atN - K. 



(8) 

"if Jog. 



w/zere V = (v^). 

Moreover, if B is square (and hence invertible), then a choice of isomorphisms ipj : 

Jzfj 8 *' 1 ® • ■ • ® J2f^ b ' N ►• ^V,i g for every j e {I, ... ,N] is equivalent to a choice of 

isomorphisms <p { : ^f an ® • • • ® ^® acN K 1 ^ for every £ e {1, . . . ,N). 

Finally, the induced maps <pj : Jz?*'' 1 ® • • • ® J*?^ 1 '" »- AV,i g are independent of the 

choice of Smith normal form VTQ 

For the rest of this paper, we will assume that a choice of Smith normal form B = VTQ 
has been fixed for each W. 

Definition 2.1.13. Given any two W-structures £ := (££\, . . . , J£jv, <Pi> ■ ■ ■ . <Pn) an d £' : = 

(jSfj, . . . , JSf^, ^j, . . . , ^) on ^, any set of morphisms gj : J^j «- jSfj of orbifold line 

bundles for j e {1, . . . , N] will induce a morphism 

E, : ^ n ® • • • ® J2*» jSf ® • • • ® if' 7 
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for every I e jl, . . . , s}. 

An isomorphism of W '-structures T : £ ► S' on c € is denned to be a collection of 

isomorphisms jjj : Jffj ►> _Sf ' such that for every { e {1, . . . ,N] we have ^ = ^ o S(. 

It will be important later to know that different choices of maps {<jo/} all give isomorphic 
W-structures. 

Proposition 2.1.14. For a given orbicurve 1 ^, any twoW 1 '-structures £j := (Jz?i, . . . <p\, . . . ,<Pn) 
and C2 := (JSfi, • ■ • , J^jv, . . . , ^) on ^ which have identical bundles Jff^ are 

isomorphic. 

Proof. For each j e {1,. . .,N] the composition ipj 1 o is an automorphism of K"' and 
hence defined by an element exp(a,) e C*. 

Since B is of maximal rank, the product TQ in the Smith normal form decomposition 
of B consists of a non-singular N x N block C on top, with all remaining rows identically 
equal to zero. 

C ^ 



V l B = TQ 







Let (y?i,..., B N ) T := C~ l (.a x , . . . ,a N ) T e Q N . For every I e {1, ... ,N) the collection 

of automorphisms {exp(/3 ; ) : _Sfy *■ Jzf,} induces the automorphism exp^^j acfii) = 

exp(o'f) on J?® " ® • • • ® J£® a ' N and hence takes <£f to exp(oY)<jof = Thus the collection 
{expfjS/)} induces an isomorphism of W-structures Qi^ = iQ2- □ 

Example 2.1.15. In the case where W = x r (the A r _i singularity), a W-structure is an 
r-spin structure (see |AJ|). 

Definition 2.1.16. For each orbifold marked point pi we will denote the image r p .{\) of 
the canonical generator 1 e Z/m = G Pi in [7(1)^ by 

7i : = 7a : = r p,W = (exp(2m® 7 1 ), exp(2m® 7 N )). 

The choices of orbifold structure for the line bundles in the W-structure are severely 
restricted by W. 



Lemma 2.1.17. Let (Jzfi, . . . , Jz?at, ip\, . . ., ipn) be a W -structure on an orbicurve c & at an 

orbifold point p € < «f. The faithful representation r p : G p ► U(l) N factors through Gw, 

so ji e Gw for all i e {1, . . . , k}. 

Proof. Recall that for each ./' e {1, . . . , s], the bundle W)(_Sfi, . . . , Jzfjv) = ■2? blJ ® • • ■ ® 
j2?® bN ' J is isomorphic to K\ og , and so the local group acts trivially on it. However, the 
generator y p e G p acts on Wj(J£\ ,.. ., Jz?n) as exp(27n bij®]). Therefore foy®J e Z, 
and y fixes Wj. □ 

Definition 2.1.18. A marked point p of a W-curve is called Neveu-Schwarz if the fixed 
point locus Fix(y) C is just {Oj. The point p is called Ramond otherwise. 

Remark 2.1.19. Note that for any given orbicurve c to , any two VK-structures on differ 
by line bundles JV\, . . . ,JV N with isomorphisms £ : ,jV® a " ® • ■ ■ ® J/^^G^. The 
set of such tuples (jV[, . . . , V>iv, f 1 , . . . , gs), up to isomorphism, is a group under tensor 
product, and is isomorphic to the (finite) cohomology group H x {^, Gw)- Thus the set of 
W-structures on c € is an H x ( c € , Gw)-torsor. 
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An automorphism of a W-curve £ induces an automorphism of the orbicurve ^ and 
underlying (coarse) curve C. It is easy to see that the group of automorphisms £ which 
fix the underlying (coarse) curve C consists of all elements in the group Gw, acting by 
multiplication of the fibers of Sf\, . . . , Jz?n- This gives the exact sequence 

1 Autc(fi) = G w Aut(S) Aut(C). 

More generally, if the stable curve ^ has irreducible components % for I e { 1 , . . . , t } and 
nodes v e E, we denote by £,■ the restriction to % of the W-structure. To describe the 
automorphisms of the W-structure in this case, it will be convenient to choose an orienta- 
tion on the edges of the dual graph of C. This amounts to choosing, for each node v e E, 
one of the components passing through v to be designated as C v+ . The other component 
passing through v is designated C v _. If the same irreducible component C, passes through 
v twice, then that component will be designated both C v+ and C v _ . The final result will be 
independent of these choices. 

Let G v denote the local group at the node v. Any element g e Autq(£,) induces (by 

restriction) elements g v+ and g v in G v . We define 6 : Yli Aut c .(£,) Ylv G v to be the 

homomorphism defined as (6(g)) v = g v+ gy l - We have an exact sequence 

1 „ Aut c £ ► ]~[Aut c ,(£,) ► Y]G V . (9) 

i veE 

Example 2.1.20. Consider a W-curve with two irreducible components % and ^ 2 with 
marked points (p ( |z e I\ } U {q+} c ffi and [pi\i e I 2 } U {q-} c c ^2, such that the components 
meet at a single node q - q + - q_ and such that huh = {1, . . . , k). Denote the local group 
at q ± by (y±). In this case we have 

Autc(fi) = G w x c/(y+> G w , (10) 

where Gw x c w /<y + ) Gw denotes the group of pairs (gi,g2) such that the images of g\ and g2 
are equal in Gw/{y+)- 

Example 2.1.21. If ^ consists of a single (possibly nodal) irreducible component, then 
we have 

AutcCB) = G w . (11) 

2.1.5. Pushforward of W -structures. We need to understand the behavior of W-structures 
when forgetting the orbifold structure at marked points, that is, when they are pushed down 
to the underlying (coarse) curve. 

Consider, as an initial example, the case of W = x r , so that a W-structure consists of a 
line bundle r = A"i og . Near an orbifold point p with local coordinate z the canonical gen- 
erator 1 e Z/m = G p of the local group G p acts on Jz? by (z, s) i-» (exp(2ni/m)z, e\p(2ni(v/m))s) 
for some v € {0, . . . ,m - 1}. Since Ki og is invariant under the local action of G p , we must 
have rv = (m for some ( e {0, . . . , r - 1), and — = |. Denote the (invariant) local coor- 
dinate on the underlying curve C by u — z m ■ Any section in cr e Q°(|^f|) must locally 
be of the form cr = g(u)z v s, in order to be Z/m-invariant. So cr r has local representative 
z "g T (u)f = u l g\u)^ u . Hence, cr r e Cl°(K log ® 0{{-€)p), and thus when I + 0, we have 
cr r e Cl°(K). 

Remark 2.1.22. More generally, if Jzf r = Ki og on a smooth orbicurve with action of the 
local group on L defined by d > (as above) at each marked point p„ then we have 

(q^Y = m = x log ® [(g) ^((-^)p,) . 
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Proposition 2.1.23. Let (_S?i, . . . , J£jv, tpi,... t <pn) be a W -structure on an orbicurve c € 
which is smooth ( the underlying curve C is nonsingular) at an orbifold point p 6 c (g . 
Suppose also that the local group G p = Z/m of p acts on Jifj by 

y = (exp(27n'0j), . . . , exp(2m©j^)); 

that is, exp{2ni/m)(z, wj) = (exp{2ni/m)z, exp(2m®?)Wj) with 1 > > 0. 

Let c (a denote the orbicurve obtained from c & by making the orbifold structure at p trivial 

(but retaining the orbifold structure at all other points). Let g : c € >- ^ be the obvious 

induced mo rp hi sm, and let g t (Jz?) denote the pushforward to c € of an orbifold line bundle 
^on^. 



For any isomorphism : JiCp 
on the pushforward 



f 

we have an induced isomorphism 



ft(-S?i) ei ®---®e,(^iv) e " 



KL 



«Uog 



V 7=1 



If 'iS is a smooth orbicurve {i.e., C is a smooth curve), let yi define the action of the 



local group G Pr near pc. For any isomorphism \p : ££* 
{global) induced isomorphism 

m ■ & r * 



K, we have a 

log 



®\^n\' 



kL 



'.log 



k N ^ 

V f=l 7=1 



In particular, for every monomial Wj, the isomorphism of Equation (0 induces an iso- 
morphism 



Wi(m\ 



, \&n\) = K CM ® , 



k N 



V f=l 7=1 



(12) 



Proof. The existence and uniqueness of y e Gw is a straightforward generalization of 
the argument given above when W = x r . The rest is an immediate consequence of the 
description of y as y — (exp(27r/0j , . . . , exp(27n'0j[,)) and the description of |Jzf,| in terms 
of the action of the local group G p given above. □ 

2.2. Moduli of stable W-orbicurves. 

Definition 2.2.1. A pair £ = (If, Q) consisting of an orbicurve H with k marked points 
and with W-structure Q is called a stable W '-orbicurve if the underlying curve C is a stable 



curve, and if for each point p of c € the representation r p : G p 



Gw is faithful. 



Definition 2.2.2. A genus-g, stable W -orbicurve with k marked points over a base T is 
given by a flat family of genus-g, ^-pointed orbicurves ^ *- T with (gerbe) mark- 
ings S^i c ^ and sections cr,- : T S^j, and the data (_£fi, . . <pi, . . . 

The sections cr, are required to induce isomorphisms between T and the coarse mod- 
uli of S^i for i e \\,...,k). The Jzf; are orbifold line bundles on c &. And the <f>j : 



A 7 (Jz?i , . . . , «2at) — ^^iTioe, : ~ (^/tCZi ^iW' are isomorphisms to the M ; -fold tensor 
power of the relative log-canonical bundle which, together with the _Sf;, induce a W- 
structure on every fiber %. 



Definition 2.2.3. A morphism of stable W -orbicurves S^\, . . . , Ji^, . . . , Jzf)v, <Pi > ■ ■ 

and (tf'/T', . . . , J?', Jzf/, . . . , _S?^, !p' v . . . , y' s ) is a tuple of morphisms (r,/i,a u ..., a N ) 



,<Pn) 
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such that the pair (r,fx) forms a morphism of pointed orbicurves: 

— - T 



T - T 

and the aj : jSf/^^u'jSfJ are isomorphisms of line bundles which form an isomorphism of 
W-structures on ^ (see Definition 12. 1.131 . 

Definition 2.2.4. For a given choice of non-degenerate W, we denote the stack of stable 
W-orbicurves by W g j£W). If the choice of W is either clear or is unimportant, we simply 
write W gy k- 

Remark 2.2.5. This definition depends on the choice of Smith normal form B = VTQ, 
but by Proposition ^. 1 . 1 ll anv other choice of Smith normal form for the same polynomial 
W will give a canonically isomorphic stack. 

Forgetting the W-structure and the orbifold structure gives a morphism 

st : W g<k ► jKgjz. 

The morphism st plays a role similar to that played by the stabilization morphism of stable 
maps. It is quasi-finite by Remark [2. 1.191 

Theorem 2.2.6. For any nondegenerate, quasi-homogeneous polynomial W, the stack W gj i 
is a smooth, compact orbifold ( Deligne-Mumford stack) with projective coarse moduli. In 

particular, the morphism st : W g ,k ► jft g fc is flat, proper and quasi-finite (but not 

representable). 

Proof. Denote the classifying stack of C* by SSC . For each orbicurve the line bundle 
Kjog corresponds to a 1 -morphism 

%f — - ssc, 

and composing with the diagonal embedding A : 3§C* ► (3SC) N , we have 

6 := A o K log : (S#Cf. (13) 

Furthermore, each isomorphism induces a 1-morphism (3§C*) N ► ^C*, and to- 
gether they yield a morphism 

0>w : (,%C*f ► (38C'f. (14) 

It is easy to see that the data of a W-structure on is equivalent to the data of a repre- 
sentable 1-morphism 

Q : <€ ► {3Cf, 

which makes the diagram 

(mvf 




commute. 
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As in lAJI §1.5] we let C g ,* ► M ' g ^ denote the universal curve, and we consider the 

stack 

C gXW := C g , k x 

where the fiber product is taken with respect to 5 on the left and <f>w on the right. The stack 
C g ,k,w is an etale gerbe over C g ^ banded by Gw- In particular, it is a Deligne-Mumford 
stack. 

Any W-curve &jS,j)\, . . .,p k ,J£\, . . ., <p\, . . ., <p s ) induces a representable map 
«- Cgxw which is a balanced twisted stable map. The homology class of the im- 
age of the coarse curve C is the class F of a fiber of the universal curve C„£ ►• ^ ' 

The family of coarse curves C ► S gives rise to a morphism S Jt ' g ^ and we have 

an isomorphism C = S x-^ t C gt k- We thus have a base-preserving functor from the stack 

W g { of W-curves to the stack ,$f g , k (.C ' g ,k,w I ' g ,k, F) of balanced, fc-pointed twisted stable 
maps of genus g and class F into C gAr w relative to the base stack ^# gi it (see BAVI §8.3]). 
The image lies in the closed substack where the markings of C line up over the markings 
of C gi „. It is easy to see that the resulting functor is an equivalence. Thus W g £ is a proper 
Deligne-Mumford stack admitting a projective coarse moduli space. 

Smoothness of the stack W„k follows, as in the A„ case (see [AJ, Prop 2.1.1]), from 

the fact that the relative cotangent complex L 0lv of O w : {SSC) N *■ {33C) N is trivial. 

That means that the deformations and obstructions of a W-curve are identical to those of 
the underlying orbicurves, but these are known to be unobstructed (see BAJ1 §2.1]). □ 

2.2.1. Decomposition of W g ,k into components. The orbifold structure, and the image 
ji = r Pi (l) of the canonical generator 1 e Z/m, = G Pl at each marked point p, is lo- 
cally constant, and hence are constant for each component of W g .k- Therefore, we can use 
these decorations to decompose the moduli space into components. 

Definition 2.2.7. For any choice y := (yi, . . . ,7%) e G k w we define W gt k{y) £ ^g,k to 
be the open and closed substack with orbifold decoration 7. We call 7 the type of any 
W-orbicurve in #^(7). 

We have the decomposition 

7 

Note that by applying the degree map to Equation (fT2l) we gain an important selection 
rule. 

Proposition 2.2.8. A necessary and sufficient condition for W g ,k(y) to be non-empty is 

k 

qjilg-l + k)-^®]' eZ. (15) 

1=1 

Proof. Although the degree of an orbifold bundle on may be a rational number, the 
degree of the pushforward p„ Jif, = \J£j\ on the underlying curve C must be an integer, so 
for all i G {1, . . . ,s] the following equations must hold for integral values of deg(|Jz? ; |): 

N k N 

2 bij deg(|jSf;D ^ig-i + k-^Yj bi J & r (16) 
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Moreover, because W is nondegenerate, the weights qj are uniquely determined by the 
requirement that they satisfy the equations £7=1 b^qj = 1 for all i e {1, . . . , s], so we find 
that for every j € {1, . . . , N} we have 



deg(l^l) = 



qj(2g-2 + k) 



(17) 



Conversely, if the degree condition (15[ holds, then for any smooth curve C (not orbifolded) 
we may choose line bundles E\ , . . . , En on C with deg(£;) = qj(2g — 2 + k)- Y!i=\ ®V f° r 
each I. If we take A = (a u ) = V^B and u = («,•) = V _1 (L . . . , l) r as in Definition IXTTOl 
then for each i e fl, .... 5} we have a line bundle 



V/=l /=1 



of degreeO = deg(X f ) = A(q u . . . , flOC^n-*)-^ A(0f, . . . , 0*) r -V^(l, l) T (2g- 
2 + k) + 2ii A(0^, . . . , 0^) r on C. Since the Jacobian Pic°(C) of any smooth curve C 
is a divisible group, and since the matrix A is of rank N, there is at least one solution 
(Fi, . . . , Y N ) e Pic°(C) A ' to the system of equations 



■ Xa 



This means that the (un-orbifolded) line bundles Lj := Y. Ej satisfy L"' 1 ® ■ ■ • ® L^" s 

^ciog ® ^(- 2ti 2m «y®>») for each » 6 {!- • ■ W 

Now we may construct an orbicurve ^ on C with local group at pi generated by j\ for 
each I e {1, . . . , k}, and we can construct the desired orbifold line bundles S£j on 1? from L> 
by inverting the map described in Subsection l2.1.2l at each marked point. It is easy to see 
that these line bundles form a W-structure on % ', and therefore W g ^{y) is not empty. □ 

Example 2.2.9. For three-pointed, genus-zero W-curves, the choice of oribfold line bun- 
dles _Sfi, . . . , Jz?ai providing the W-structure is unique, if it exists at all. Hence, if the selec- 
tion rule is satisfied, #0,3(7) is isomorphic to 3§G. 

2.2.2. Dual Graphs. We must generalize the concept of a decorated dual graph, given for 
r-spin curves in IIJKV11 . to the case of a general W-orbicurve. 

Definition 2.2.10. Let T be a dual graph of a stable curve p\,..., pk) as in IIJKV11 . A 
half-edge of a graph F is either a tail or one of the two ends of a "real" edge of T. 

Let V(F) be the set of vertices of F, let 7\r) denote the tails of F, and let E(F) be the set 
of "real" edges. For each v e V(F) let g v be the (geometric) genus of the component of ^ 
corresponding to v, let T(v) denote the set of all half-edges of F at the vertex v, and let k v 
be the number of elements of T(v). 

Definition 2.2.11. Let T be a dual graph. The genus of F is defined as 

g(F) = dim// 1 (F) + J] 8v 

veV(r) 

A graph F is called stable if 2g v + k Y > 3 for every v e V(r). 
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Definition 2.2.12. A Gw-decorated stable graph is a stable graph F with a decoration of 
each tail r e T(Y) by a choice of y T e Gw- 

It is often useful to decorate all the half-edges — not just the tails. In that case, we will 
require that for any edge e e E(Y) consisting of two half edges t+ and r_, the corresponding 
decorations y+ and y_ satisfy 

y- = (y + r\ (18) 

and we call such a graph a. fully Gw-decorated stable graph. 

Definition 2.2.13. Given a W-curve (£ := &,p\, . . . ,pk,Sfu ■ ■ ■ ,J£n, <Pi, <Pn), tne un- 
derlying (coarse) curve C defines a dual graph T. Each half-edge r of T corresponds to 
an orbifold point p T of the normalization of c £ , and thus has a corresponding choice of 
y T € Gw, as given in Proposition ^. 1 .231 

We define the fully Gw-decorated dual graph of (£ to be the graph T where each half- 
edge t is decorated with the group element y T . 

Remark 2.2.14. If a fully Gw-decorated graph T is to correspond to an actual W-orbicurve, 
the selection rules of Equation (fTTT i must be satisfied on every vertex of F; namely, for each 
v e V(Y) and for each j e [1,...,N] the degree of | Jz?,| on the component of the underlying 
curve associated to v must be integral: 

( 



degflJ^lv) 



(19) 



qj(2g v -2 + k v )- 

Vrer(v) 

Definition 2.2.15. For any Gw-decorated stable W-graph F, we define W{Y) to be the 
closure in W g ^ of the stack of stable W-curves with Gw-decorated dual graph equal to Y. 

Remark 2.2.16. Note that no deformation of a nodal orbicurve will deform a node with 
one orbifold structure to a node with a different orbifold structure — the only possibility 
for change is to smooth the node away. Fhis means that if T is Gw-decorated only on 
the tails and not on its edges, then the space W(Y) is a disjoint union of closed subspaces 
W(Y) where the Y run through all the choices of fully Gw-decorated graphs obtained by 
decorating all edges of F with elements of Gw- 

When a graph is a tree with only two vertices and one (separating) edge, then the rules 
of Equation dT9b imply that the decorations on the tails uniquely determine the decoration 
in the edge: each 0, for the edge is completely determined by the integrality condition. 

However, if the graph is a loop, with only one vertex and one edge, then the rules of 
Equation ( fT9T > provide no restriction on the decoration y + at the node. 

Let the genus of F be g = g(Y), let the number of tails of Y be k, and let the ordered 
fc-tuple of the decorations associated to those tails be y := (yi, . . - ,yk)- In this case it is 
clear that W(Y) Q W g ^{y) is a closed substack. 

2.2.3. Morphisms. We have already discussed the morphism st : W g ^ ► g ,k- In this 

subsection we define several other important morphisms. 

Forgetting tails. If y = (yi , . . . , J, . . . , y*) is such that y, = J for some i 6 {1, . . . , k] (that is, 

0p = qi for every / e { 1 , . . . , N}), and if ■/ = (yi, . . . ,y,-, . . . , yt) € G^ 1 is the k - 1-tuple 
obtained by omitting the ith component of y, then the forgetting tails morphism 

: *Wr) — - ^t-i(y') 

is obtained by forgetting the orbifold structure at the point pj. 

We describe the morphism more explicitly as follows. Let ^ denote the orbicurve 
obtained by forgetting the marked point p -, and its orbifold structure, but leaving the rest 
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of the marked points of the orbicurve ^ unchanged. Let g : *■ ^£ be the obvious 

morphism. By Proposition ^. 1 .231 the pushforwards g t (^fj) for j € {!,. . . ,N] satisfy 

N 

(g t m)T» «■■■«> ^(^)) a ^=5^,io g ® ^((- 2 fl #®£**> 

f=i 

2V 

= ^,log®^-(Z a ^ i) 

;'=i 

= ^,log®^-"^) = %l og . 

since E^=i = Z%ia je q e = Uj (because Aq = V l Bq = V -1 (l, • • • . 1) T = We 

denote the induced isomorphisms by 

Pj ■ (A(^i)) a "' ® • • • ® &(J%r)) 8 ^=»A^ 

J 15, log 

The tuple &,p\, . . .,pu . . . ,Pk,Q,(^Ci), . ■ .,g»(J23v),^, . . . , tp' N ) is a W-orbicurve of 
type y' . This procedure induces the desired morphism 

# : ^Ar) — - 

Note that the essential property of y, that allows the forgetting tails morphism to exist 
is the fact that ~Z/j =i aij® y - = ui for every I e {1, . . . , s}. Since the weights qj are uniquely 
determined by this property (since B and A are of rank N), this means that a marked point 
Pi may not be forgotten unless y, ■ — J e G\y- 

Gluing and cutting. Gluing two marked points on a stable curve or on a pair of stable curves 
defines a Riemann surface with a node. This procedure defines two well-known morphisms 

Puee ■ guh+i X g 2 ,k 2 +l * ^g, +g2,h +k 2 > (20) 



Ploop ■ ^g-\,k+2 *■ ^g,k- (21) 

More generally, if F is a dual graph, then we can cut an edge to form F, and there is a 
gluing map 

p : TJif) 3#(D c TJ. 

where j$( (F) denotes the closure in ^ gi k of the locus of stable curves with dual graph F. 

Unfortunately, there is no direct lift of p to the moduli stack of W-curves because there 
is no canonical way to glue the fibers of the line bundles on the two points that map 
to a node. In fact, if anything, the morphism goes the other way; that is, restricting a W- 
structure on a nodal (i.e., glued) curve to the normalization (i.e., cutting) of that curve will 
induce a W-structure on the normalization. Unfortunately, this does not induce a morphism 
from W(Y) to W(Y) because for many curves the normalization of the curve does not have 
a well-defined choice of a marking (section) for the two points that map to the node. 

Nevertheless, we can use this restriction property to create a pair of morphisms that will 
serve our purposes just as well as a gluing morphism would. To do this, we first consider 
the fiber product 

F is the stack of triples C^, C^, £),B), where ^ is a pointed stable orbicurve with dual 
graph F, and c € is a pointed stable orbicurve with dual graph F; also, £ is a W-structure on 
and B : pffi] «- c (§ is an isomorphism of the glued curve p[ c tf] with the orbicurve "if. 
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Instead of a lifted gluing (or cutting) map, we will use the following pair of maps: 

W(T) F W{T), 

where the morphism q simply takes the triple to the W-curve ("if ,/?*(£)) by pulling back the 
^-structure to ^ . This is well-defined because the fiber product has well-defined choices 
of sections of c i mapping to the node of % '. 

Alternatively, we could also describe a gluing process in terms of an additional structure 

that we call rigidification. Let p be a marked point. Let j p : S§G P be the 

corresponding gerbe section of . A rigidification at p is an isomorphism 

iff : f p (& © • • • e JS?aO » [C N /G P ] 

such that for every i e {1,.. .,N] the following diagram commutes: 

N 



<p ( oA t 



^* [C N /G P ] 

(22) 



c 

where the map res" f takes (dz/z) Ut to 1 . Note that the two terms in the bottom of the diagram 
have trivial orbifold structure. Since each monomial W{ of W is fixed by G, we also have 
that each monomial A( is fixed by G and hence by G p . This means that the vertical maps 
are both well defined. 

One can define the equivalence class of W-structures with rigidification in an obvious 
fashion. The notion of rigidification is also important for constructing the perturbed Witten 
equation, but we will not use it in any essential way in this paper. 

A more geometric way to understand the rigidification is follows. Suppose the fiber 
of the W-structure at the marked point is [(«5?i © _£?2 © ■ ■ ■ © -2jv)/G p ]. The rigidification 

can be thought as a G p -equivariant map xfj : Jz^ C N commuting with the W- 

structure. For any element g € G p , the rigidification gift is considered to be an equiva- 
lent rigidification. The choice of iff is equivalent to a choice of basis e, £ such that 
Aj(ei,. . .,e N ) = (dz/z)"' and the basis g(e\), . ..g(e N ) is considered to be an equivalent 
choice. In particular, if . . . are the line bundles fixed by G p (we call the corre- 
sponding variables the Ramond variables) then in each equivalance class of rigidifica- 

tions, the basis elements e,, , . . . , e im for the subspace (BJ =1 -^, | are unique, but the basis 

elements for the terms not fixed by G p (the Neveu-Schwarz variables) are only unique up 
to the action of G p . 

It is clear that the group Gw/G p acts transitively on the set of rigidifications within 
a single orbit. Let W ngp (y) be the closure of the substack of equivalence classes of In- 
curves with dual graph F and a rigidification at p. The group Gw/G p acts on W ,g "(X) 
by interchanging the rigidifications. The stack W lg p(T) is a principal Giy/G p -bundle over 
W(T) and 

[W"s»(r)/(G W /G p )] = W(T). 

Now we describe the gluing. To simplify notation, we ignore the orbifold structures at 
other marked points and denote the type of the marked points p+,p- being glued by y+, y_. 
Recall that the resulting orbicurve must be balanced, which means that y_ = y^ 1 . Let 

iff ± : 7* (JSfi © • • • © JS?aO [C N /G P± ] 
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be the rigidifications. However, the residues at p+,p- are opposite to each other. The 
obvious identification will not preserve the rigidifications. Here, we fix once and for all an 
isomorphism 



such that W(I(x)) = — W(x). I can be explicitly constructed as follows. Suppose that g, = 
rii/d for common denominator d. Choose^ = — 1, and set I{x\, . . . , x^) = (^ n 'x\, . . . ,£" n xn) 
If /' is another choice, then I e (/) < Gw- Furthermore, I 2 e (/} < Gw as well. The 
identification by / induces a W-structure on the nodal orbifold Riemann surface with a 
rigidification at the nodal point. Forgetting the rigidification at the node yields the lifted 
gluing morphisms 

P,ree,y ■ 5^ +1 (y) * ^ +1 (r _1 ) ► (23) 



Pioo P , y : ^ s 7 +2 (r, T X ) » (24) 

where p is defined by gluing the rigifications at the extra tails and forgetting the rigidifica- 
tion at the node. 

Degree of if. There are various subtle factors in our theory arising from the orbifold de- 
grees of the maps. These factors can be a major source of confusion. The degree of the 

stabilization morphism if : W gr u ^ g ,k is especially important in this paper. 

As described in Remark |2. 1.191 the set of all W-structures on a given orbicurve 'tf with 
underlying curve C is an H l (C, G^)-torsor; therefore, H l (C, Gw) acts on and its coarse 
quotient is ^ gt u- One might think that deg(sf) = \H l (C,Gw)\, but further examination 
shows that this is not case because ^ gy k is not isomorphic to IWg^/H 1 ^, Giy)J as a stack. 
This is particularly evident because W gt k has a nontrivial isotropy group at each point, while 
the generic point of ^# g / t has no isotropy group. The key point is that the automorphism 
group of any W-structure over a fixed, smooth orbicurve c € is all of Gw- Therefore, we 
have 

deg(if) = \G w \ 2g -\ (25) 

For any decorated graph F, we also have a stabilization map sfp : W(Y) ► ^#(F), but 

the degree of sfp is not the same as that of if. For example, if F is a graph with two vertices 
and one (separating) edge labeled with the element y, then the number of W-structures 
over a generic point of JK(T) is still \H l (C,Gw)\ = IG^I 2 *, but, by Equation ( [Tol l, the 
automorphism group of a generic point of W(Y) is Gw ><G w /(r) Gw- 

For a tree, the selection rules uniquely determine the choice of y; therefore, we have the 
following. 

Proposition 2.2.17. For a tree Y with two vertices and one edge, the map st is ramified 
along W(T), and 

deg(rt) = |<y>|deg(,rtr). (26) 

If T is a loop with one vertex and one (non-separating) edge, such that the edge is labeled 
with the element y, then we have the following proposition. 

Proposition 2.2.18. For the loop F with a single vertex and a single edge decorated with 
y, the moduli W(Y) is non-empty. Moreover, the morphism st is ramified along str and 
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Proof. First, we claim that the number of W-structures over a generic point of ^ g ,k which 
degenerate to a given W-structure over F is \{y)\. To see this, note that for any W-structure £ 
on a smooth orbicurve c € with underlying curve C, all other W-structures on ^ differ from 
it by an element of H l (C, Gw)- Consider any fixed 1 -parameter family of W-curves such 
that the W-curve C€ , fi) degenerates to a W-curve (^", £') with dual graph F, corresponding 
to the contraction of a cycle a e ffi(C,Z). In this case, we may choose a basis of H l (C, Gw) 
such that the first basis element is dual to a and the second basis element is dual to a cycle 
/3 such that a ■ /3 = 1, and /3 ■ cr — for any remaining basis element cr of H\(C, Gw)- 

In this case, the W-structure obtained by multiplying £ by an element of the form 
(1, £2, . . . ,S2g) 6 H l {C, Gw) will again degenerate (over the same family of stable un- 
derlying curves) to £' if and only if so e (y). 

Second, by Equation ( fTTI ). the automorphism groups for both smooth W-curves and 
these degenerate W-curves are isomorphic to Gw- This, combined with the previous de- 
generation count, proves that the ramification is \(y)\. 

More generally, the pair , £ • (1,£2, • • • , £ 2g)J will always degenerate to a W-curve 

with dual graph F, and y£, Q ■ (s\,S2, ■ ■ szg)j f° r ■ ■ ■ , £2g) £ H 1 (C, G) will degen- 

erate to a W-curve with dual graph labeled by ys\ instead of by y. Thus the moduli W(Y) 
is non-empty for every choice of decoration y e G of the edge of T. □ 

2.3. Admissible groups G and ^g,k,c- The constructions of this paper depend quite heav- 
ily on the group of diagonal symmetries Gw of the singularity W. It is useful to generalize 
these constructions to the case of a subgroup G of Gw- First, the isomorphism / is only 
well-defined up to an element of (J). Therefore, we will always require that J e G. The 
problem is that it is not a priori obvious that the stack of W-curves with markings only 
coming from a subgroup G is a proper stack. Namely, the orbifold structure at nodes may 
not be in G. 

However, we not^3 that for any Laurent polynomial Z = 2; Yl^\ x "'' of weighted total 
degree 1, with cijj e Z for all i and /', the diagonal symmetry group Gw of W := W + Z is 
clearly a subgroup of Gw containing (J), and the stack W gt k(W) of W-curves is a proper 
substack of W gJc (W). 

Proposition 2.3.1. For every quasi-homogeneous polynomial W — W + Z, the stack 
W g ji{W) is an open and closed substack of Wgj^W), provided Z has no monomials in com- 
mon with W. 

Proof. It suffices to consider the case of W = W + M, where M = Ylu=\ -*f' i s a single 
monomial of degree 1 (i.e., Y!i = \Pi a i — 1)> distinct from the monomials Wj = cj Y\'i=i x ' J 
ofW. 

Given a W-structure (_Sfi, . . . , ££ N , <pi,..., <p s ) on an orbicurve c &, we can produce s 
choices of a ii-th root of G as follows. For each j £ {1, ... ,s] let 

\,:-\\yf' * ; \ (28) 

!=1 

A straightforward computation shows that .yK 8 "' = G, so we have s morphisms 

uTgAW — Akd, (29) 



*We are grateful to H. Tracy Hall for suggesting this approach to us. 
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where ^gxd '■= \&,p\, ■ ■ - ,pk, ft '■ ^ d " <^V)) denotes the stack of ^-pointed, 

genus-g orbicurves with a ii-th root jY of the trivial bundle. It is easy to see that the 
stack ^ g ,k,d h as a connected component d corresponding to the trivial ii-th root of 

and that the substack £ W g ,k is exactly the inverse image •J'T^o^g w) °^ tne trrv i a l 
component for each j s {1, . . . , s}. □ 

Definition 2.3.2. We say that a subgroup G < Gw is admissible or is an admissible group 
of Abelian symmetries of W if there exists a Laurent polynomial Z, quasi-homogeneous 
with the same weights q, as W, but with no monomials in common with W, such that 
G - Gw+z- 

The most important case is that of the subgroup (J) < Gw- 

Proposition 2.3.3. The group J is always admissible and every admissible group contains 
J. 

Proof. The fact that every admissible group contains J is immediate from the definition of 
J. 

If g is any element of Gw - (J), then there exist (a\, . . . , a^) such that = a t jd for 
d = detB. since gt(J), there must exist at least one pair i + j such that aflij £ a pi 
(mod d). In that case g does not fix the monomial Z' = x. but clearly Z' is quasi- 
homogeneous of total degree 0. Multiply Z' times any monomial Wj of W to get 

Z := xJ n} x"'W h 

Now it is clear that g does not fix Z, but Z has total degree 1 ; therefore, gtGw+z- a 

Remark 2.3.4. We do not know if every subgroup G containing J is admissible. However, 
Krawitz [Kr| has shown that this is the case for invertible singularities (i.e., for singularities 
where the number of monomials s equals the number of variables AO- 
Definition 2.3.5. Suppose that G is admissible. We define the stack W g xGW) '■= Wgj&W) 
for any W = W + Z with G w = G. 

Remark 2.3.6. An admissible group G may have more than one Z such that G - Gw+z- 
One can show (see |ChiR|) that W g xc '■- ^g,k(W + Z) is independent of Z and depends 
only on G. 

The most important consequence of Proposition ^. 3. H is that we may restrict the virtual 
cycle [^,i:(W)]" f to the substack W g xc(W) (see Subsection [4~Tb. 

2.4. The tautoiogicai ring of "Pg^- A major topic in Gromov-Witten theory is the tauto- 
logical ring of ^# g>J t. The stack W g ,k is similar to ^# g ,s in many ways, and we can readily 
generalize the notion of the tautological ring to W gt k. We expect that the study of the 
tautological ring of W g ,k will be important to the calculation of our invariants. It is not 
unreasonable to conjecture that the virtual cycle constructed in the next section is, in fact, 
tautological. 

Throughout this section, we will refer to the following diagram. 
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Here, ^f g ^ W gt k is the universal orbicurve, and m : C g ^ *■ W g ^ is the universal 

underlying stable curve. The map cr ; is the zth section of n, and we denote by <r, the 
z'th section of m. The map q forgets the local orbifold structure and takes a point to its 
counterpart in C g ^. On ^ g J t we also have the universal W-structure (J) J?; and the line 
bundles X^iog and K<g. 

2.4.1. i^-classes: As in the case of the moduli of stable maps, we denote by i/r, the first 
Chern class of the ^-cotangent line bundle on W„k. That is, 

&:=ci«(tf»)). (31) 

We note that since C gl k is the pullback of the universal stable curve from *df g jc, replacing 
the "^-cotangent bundle by the C-cotangent bundle would give the pullback of the usual 
i/r-class, which we also denote by rfr. 

if fi :=c l (a*(K c )) = sf^d. (32) 
These classes are related as follows. 

Proposition 2.4.1. If the orbifold structure along the marking cri is of type y it with |(y,)| = 
nij, then we have the relation 

niiipi = sfifri. (33) 

Proof. Let D, denote the image of the section cr,- in ^ g ^. Note that since <x,- = g o cr,-, then 
by Equation J3J, we have 

&*K Cgk = cr* ( e *K CgM ) = &l (K %A 8 ff{.-(m - 1 )£>,)) , (34) 

and the residue map shows that 

o-'tfiog = C, (35) 

hence 

cr*(M-Dd) = o-*(Kv), (36) 

which gives the relation d33l . □ 

2.4.2. (/^-classes: It seems natural to use the W-structure to try to define the following 
tautological classes: 

iffij := ci(<7?(JS*)). 

However, these are all zero. To see this, note that for every monomial We — Yl Xj' 1 ar, d f° r 
every i 6 {1, . . ., k), we have, by the definition of the W-structure and by Equation d35l) . 

N 
7=1 

Coupled with the nondegeneracy condition (Definition ^. 1 .5b on W, this implies that every 
if/ij is torsion in H*{W g ^, Z) and thus vanishes in H*(W g ^, Q). 

2.4.3. K-classes: The traditional definition of the /(--classes on ^ gt k is 

k b := ^(d^ciog)^ 1 )- 
We will define the analogue of these classes for W-curves as follows: 

H a :=^(ci(^ jlog ) a+1 ). 
Note that since K<^ i og - Q*Kc,\ g, and since deg(g) = 1, we have 

Ha = 7r,(ci(^ ;log ) fl+1 ) = CT t ^ £) *(ci(^,l og r +1 ) = K a (38) 
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2.4.4. //-classes: The Hodge classes Aj for the usual stack of stable curves are defined to 
be the Chern classes of the K-theoretic pushforward Rm*Kc- We could also work on the 



Therefore, the two definitions of lambda classes agree. Moreover, it is known that the A- 
classes can be expressed in terms of /(--classes, so they need not be included in the definition 
of the tautological ring. 

A more interesting Hodge-like variant comes from pushing down the W-structure bun- 
dles ££j. We also find it more convenient to work with the components of the Chern 
character rather than the Chern classes. We define yu-classes to be the components of the 
Chern character of the W-structure line bundles: 



By the orbifold Grothendieck-Riemann-Roch theorem, these can be expressed in terms of 
the kappa, psi, and boundary classes (See, for example, the proof of Theorem l6.3.3b . 

2.4.5. Tautological ring ofW^y. 

Definition 2.4.2. We define the tautological ring ofW g ,k to be the subring of H*(W g ,k, Q) 
generated by fa, H a , and the obvious boundary classes. 

We would like to propose the following conjecture. 

Conjecture 2.4.3 (Tautological virtual cycle conjecture). The virtual cycle {constructed 
in the next section) is tautological, in the sense that its Poincare dual lies in the tensor 
product of the tautological ring ofW gt k and relative cohomology. 



Ordinary Gromov-Witten invariants take their inputs from the cohomology of a sym- 
plectic manifold — the state space. In this section, we describe the analogue of that state 
space for singularity theory. As mentioned above, however, our theory depends heavily on 
the choice of symmetry group G and not just on the singularity W. In this sense, it should 
be thought of as an orbifold singularity or orbifold Landau-Ginzburg theory of W/G. 

We have mirror symmetry in mind when we develop our theory. Some of the choices, 
such as degree shifting number, are partially motivated by a physics paper by Intriligator- 
Vafa BIVl and a mathematical paper by Kaufmann |Kal | where they studied orbifolded B- 
model Chiral rings. The third author's previous work on Chen-Ruan orbifold cohomology 
also plays an important role in our understanding. 

3.1. Lefschetz thimble. Suppose that a quasi-homogenous polynomial W : C 

defines a nondegenerate singularity at zero and that for each i e {1,,..,N} the weight of 
the variable Xi is q t . An important classical invariant of the singularity is the local algebra, 
also known as the Chiral ring or the Milnor ring: 



the universal orbicurve 



— -^g,k> but q is finite, so by Equation (0 we have 
R7r,K<f = Rm t (g,K^) = Rm*K c . 



fx u := Chi{Rn^j). 



3. The State Space Associated to a Singularity 



£ w :=C[jti,...,Xtf]/Jac(W), 



(39) 



where Jac(W) is the Jacobian ideal, generated by partial derivatives 
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Let's review some of the basic facts about the local algebra. It is clear that the local algebra 
is generated by monomials. The degree of a monomial allows us to make the local algebra 

into a graded algebra. There is a unique highest-degree element det ^w J with degree 

c w = Y J (l-2q i ). (40) 

i 

The degree cw is called the central charge and is a fundamental invariant of W. 

The singularities with c w < 1 are called simple singularities and have been completely 
classified into the famous ADE-sequence. Quasi-homogeneous singularities with c w = 
N - 2 correspond to Calabi-Yau hypersurfaces in weighted projective space. Here, the 
singularity/LG-theory makes contact with Calabi-Yau geometry. There are many examples 
with fractional value c w > 1 . These can be viewed as "fractional dimension Calabi-Yau 
manifolds." 

The dimension of the local algebra is given by the formula 

-n(H- 

From the modern point of view, the local algebra is considered to be part of the B-model 
theory of singularities. The A-model theory considers the relative cohomology H N (C N , C) 
where W°° = {KtW)-\M, oo) for M » 0. Similarly, let = (5leW) _1 (-oo, -M) for 
M » 0. The above space is the dual space of the relative homology H N (C N , W°°,Z). The 
latter is often referred as the space of Lefschetz thimbles. 
There is a natural pairing 

( , > : H N (C N , W-°°,Z) <g> H N (C N , W°°, Z) -* Z 

defined by intersecting the relative homology cycles. This pairing is a perfect pairing for 
the following reason. Consider a family of perturbations W A such that W A is a holomorphic 
Morse function for A + 0. We can construct a basis of Hn(C n , W ±co , Z) by choosing a sys- 
tem of virtually horizonal paths. A system of virtually horizonal paths uf : [0, +oo) «- C 

emitting from critical values z, has the properties 

(i) : uf has no self-intersection, 

(ii) : uf is horizonal for large t and extends to +oo. 

(iii) : the paths uf, . . . , w* are ordered by their imaginary values for large /. 

For each uf, we can associate a Lefschetz thimble A* e Hn(C n , W ±co , Z) as follows. The 
neighborhood of the critical point of z, contains a local vanishing cycle. Using the homo- 
topy lifting property, we can transport the local vanishing cycle along uf to +oo. Define 
as the union of the vanishing cycles along the corresponding path uf. The cycles Af define 
a basis of H N (C N , W ±t>0 , Z), and it is clear that 

AtnAj = *y. 

Hence, the pairing is perfect for A + 0. 

On the other hand, the complex relative homology H^(C N , W^°°,C) defines a vector 
bundle over the space of A's. The integral homology classes define a so-called Gauss- 
Manin connection. The intersection pairing is clearly preserved by the Gauss-Manin con- 
nection; hence, it is also perfect at A = 0. 

We wish to define a pairing on H N (C N , W™,C) alone. As we have done in the last 
section, write qi = ni/d for a common denominator d, and choose f such that = -1. 
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L : H N {C\VT,C) 
Definition 3.1.1. We define a pairing on 



Multiplication by the diagonal matrix ,...,£;"") defines a map I : C N sending 

W°° «- W~°°. Hence, it induces an isomorphism 

iN tx/oo ^ _^ /^(C^W^C). 

2 N , W°°,1) by 
(Ai ) A J > = <Ai,7»(A^)>. 

It induces a pairing (still denoted by ( , )) on the dual space H N (C N , W°°, C) which is 
equivalent to the residue pairing on the Milnor ring (see Subsection l5.U . As noted earlier, 
changing the choice of £ will change the isomorphism / by an element of the group (/), 
and I 2 e (J). Therefore, the pairing is independent of the choice of I on the invariant 
subspace H N (C N , W°°, Z) (J) or on H N (C N , W°°, Zf for any admissible group G. 

3.2. Orbifolding and state space. Now we shall "orbifold" the previous construction. 
Suppose that G is an admissible subgroup. For any y e G, let be the set of fixed points 
of y, let N y denotes its complex dimension, and let W y := W| c « be the quasi-homogeneous 
singularity restricted to the fixed point locus of y. The polynomial W y defines a quasi- 
homogeneous singularity of its own in C Ny , and W y has its own Abelian automorphism 

N 

group. However, we prefer to think of the original group G acting on C r r . 

Lemma 3.2.1. If W is a non-degenerate, quasi-homogeneous polynomial, then for any 
y e Gw, the polynomial W y has no non-trivial critical points. 

Proof. Let m c C[x\, . . . , x^] be the ideal generated by the variables not fixed by y, and 
write ]Y as ]Y — ^ »T»v>ci-a tj/ . a ™ in fo^.t ura iioim tj/ . a v«2 

if any monomial in W, 
monomial fixed by y. However, y e Gw acts diagonally, and it must fix W, and hence it 
must fix every monomial of W, including x m M. Since it fixes M and x m M, it must also fix 
x m — a contradiction. This shows that W movec i e m 2 . 

Now we can show that there are no non-trivial critical points of W y . For simplicity, 
re-order the variables so that X\,...,X{ are the fixed variables, and Xe+\, ■ ■ ■ , x^ are the 
remaining variables. If there were a non-trivial critical point of W y , say {a\, . . ., at) e C f , 



noved, where W move d e m. In fact, we have W move d e m because 
moved does not lie in m 2 , it can be written as x m M, where M is a 



then the point (a\ , . . . , ae, 0, 
this, note that for any i e {1, 



, 0) e C N would be a non-trivial critical point of W. To see 
, N] we have 

moved 



since W moved e m 2 . 



This gives 



dW 

dxi 



dx. 



= 0, 



(ari,...,a { ,0,...,0) 



(ai, 



which shows that (ai, . 



„a e ,0,...,0) 

. .,ae, 0, 



dxj 



3^ 7 moved 



(ai,...,ae) 



dXj 



= 



(ai,...,cif,0,...,0) 



. , 0) is a non-trivial critical point of W — a contradiction. 

□ 



Definition 3.2.2. We define the y-twisted sector of the state space to be the G-invariant 
part of the middle-dimensional relative cohomology for W y ; that is, 



Jty := H 



~f y \w; 



The central charge of the singularity W y is denoted c y : 

c y := 2^ (l ~ 2 H)- 



(41) 



(42) 
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As in Chen-Ruan orbifold cohomology theory, it is important to shift the degree. 

Definition 3.2.3. Suppose that y = (e 2m0 i, . . . ,e 2m0 «) for rational numbers < 0^ < 1. 
We define the degree shifting number 

h=Yp 7 i~ qi) (43) 

i 

CW - Ny 



Cy - Ny 



+ J] (0T-1/2) (44) 

i':0>VO 

+ J] (Qj-qd- (45) 



For a class a e J#y, we define 



deg w ,(ff) = deg(a) + 2t y . (46) 
Proposition 3.2.4. For any y e Gw we have 

Ly + Ly-l — CW - Ny, (47) 

and for any a e ,ff y and /3 6 we have 

deg w (a) + deg^OS) = 2c w . (48) 

Proof. The first relation (Equation ( l47| >) follows immediately from Equation d44b and from 
the fact that if ®J + then ®J~ ' =1-0]', and otherwise ©f ' = 0^ = 0. 

The second relation (Equation ( |48l ) follows from the first relation and from the fact that 
every class in My has degree N y . □ 

Remark 3.2.5. H N (C N , W°°,C) also carries an internal Hodge grading due to its mixed 
Hodge structure. This defines a bi-grading for My. 

Definition 3.2.6. The state space (or quantum cohomology group) of the singularity W/G 
is defined as 

= -^y (49) 

Definition 3.2.7. The /-sector fflj is always one-dimensional, and the constant function 1 
defines a generator ei := 1 e Jf / of degree 0. This element is the unit in the ring Mw, and 
because of this, we often denote it by 1 instead of ei . 

Definition 3.2.8. For any y e G, we say that the y-sector is Neveu-Schwarz if the fixed 
point locus is trivial (i.e., N y = 0). If the fixed point locus is non-trivial, we say that the 
y-sector is Ramond. 

Since y and have the same fixed point set, there is an obvious isomorphism 
We define a pairing on as the direct sum of the pairings 

< , )y I Jfy ® Jfy-l C 

by (/, g) y = (/, s*g), where the second pairing is the pairing of the space of relative coho- 
mology. The above pairing is obviously symmetric and non-degenerate. 
Now the pairing on Mw is defined as the direct sum of the pairings ( , ) y . 
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Lemma 3.2.9. The above pairing preserves deg^. Namely, if ffl" denotes the elements 
x 6 Jtfy with deg w (x) = a, then ( , ) gives a pairing of with Jfc^ " '■ 



8 J^ c ' w ~ a * C. 

Proof. This is a direct consequence of Proposition l3.2.4l □ 

Remark 3.2.10. The lemma indicates that one can view W/G as an object of complex 
dimension c w . Under the shift, Jfij has degree 0. On the other hand, the non-twisted sector 
has degree cw, and the sector JfJ-i has degree 2cw- 

Remark 3.2.11. In the usual orbifold theory, the unit comes from the untwisted sector. In 
our case, the unit element is from Jfj. In this sense, our theory is quite different from usual 
orbifold theory and instead corresponds to the so-called (a, c)-ring in physics. 

4. Virtual Cycles and Axioms 

In this section, we will discuss the main properties of the virtual cycles g ,k,w(y)\ ■ 
These are the key ingredients in the definition of our invariants. We formulate the main 
properties of the virtual cycle as axioms similar to those of the virtual fundamental cycle of 
stable maps HCheRll and generalizing the axioms of r-spin curves listed in BJKV11 §4.1]. 

In the special case of the A,_i singularity, an algebraic virtual class satisfying the axioms 
of IIJKV1I §4.1] has been constructed for the twisted sectors (often called Neveu-Schwarz 
sectors) by Polishchuk and Vaintrob UPol IPV1 . A similar class has been constructed by 
Chiodo in K-theory HChlllCh2l . and an analytic class has been proposed by T. Mochizuki 
lol — modeled after Witten's original sketch. 



4.1. [W(T)Y' r and its axioms. The construction of the virtual cycle p# gi ^^J ' is highly 
nontrivial. The details of the construction and the proof of the axioms are presented in 
BFJR21 . but we will outline the main ideas here and then focus the rest of this paper on the 
consequences of the axioms. 

The heart of our construction is the analytic problem of solving the moduli problem for 
the Witten equation. The Witten equation is a first order elliptic PDE of the form 

dsi 

where 5/ is a C°°-section of 

Our goal is to construct a virtual cycle of the moduli space of solutions of the Witten 
equation. Let's briefly outline the construction. Let Wgjfyx , . . . , jk) be the moduli space 
of ^-structures decorated by the orbifold structure y, at the marked point x,. It can be 
considered as the background data to set up the Witten equation. Unfortunately, it is rather 
difficult to solve the Witten equation due to the fact that W is highly degenerate. It is much 
easier to solve a perturbed equation for W + Wo, where Wo is a linear perturbation term 
such that W y + Woy is a holomorphic Morse function for every y. Here W 7 and Woy are 

N 

the restrictions of W, Wo to the fixed point set C r T . The background date for the perturbed 
Witten equation is naturally the moduli space of rigidified W-structures ■ ■ ■ , yk)- 

The crucial part of the analysis is to show that a solution of the Witten equation con- 
verges to a critical point of W 7t + Woy r This enables us to construct a moduli space 
W s k {Kj Y , . . . ,Kj k ) of solutions of the perturbed Witten equation converging to the critical 



30 



HUIJUN FAN, TYLER JARVIS, AND YONGBIN RUAN 



point Ki at the marked point x,-. We call Wo strongly regular if (i) W 7i + Wo r , is holomor- 
phic Morse; (ii) the critical values of W 7i + Wo r; have distinct imaginary parts. The first 
important result is 

Theorem 4.1.1. If Wo is strongly regular, then W g s k {Kj Y , . . . ,/c ;t ) is compact and has a 
virtual fundamental cycle [W gk (Kj i , . . . , Kj k )Y' r of degree 

2((c w - 3)(1 i Yi ) ~J]N 7i . 



Here, i 7i is the degree shifting number defined previously. 

r»c r\i 1 1 ti^\ \\o cnn \ jo n itint tr\ mot-* tna oKr«ro ^nrtnol ^rnlo i ntr» /-/ ('Hi/ 



It turns out to be convenient to map the above virtual cycle into H,(W". g , Q) even though 



it is not a subspace of the latter in any way. 

The state space of the theory (or rather its dual) enters in a surprising new way, as we 
now describe. It turns out that the above virtual cycle does depends on the perturbation. It 
will change whenever Wo fails to be strongly regular. We observe that for a strongly regular 
perturbation we can construct a canonical system of horizontal paths uf's and the associ- 
ated Lefschetz thimble A*. When we perturb Wo crossing the "wall" (where the imaginary 
parts of critical values happen to be the same), we arrive at another canonical system of 
paths and its Lefschetz thimble A'*. The relation between A* and A'* is determined by 
well-known Picard-Lefschetz formula. The "wall crossing formula" for virtual fundamen- 
tal cycles can be summarized in the following quantum Picard-Lefschetz theorem: 

Theorem 4.1.2. When Wo varies, {W gk {K^ ,.. ., Kj k )Y lr transforms in the same way as the 
Lefschetz thimble At attached to the critical point Kj r 

The A+'s transform in the opposite way as Ar's. It is well-known that the "diagonal 
class" Yji A 7 ® A ( + is independent of perturbation, and this suggests the following defi- 
nition of an "extended virtual class". To simplify the notation, we assume that there is 
only one marked point with the orbifold decoration y. Then, the wall crossing formula of 
Wl^i)\' ir shows precisely that Z 7 [^ 1 (^)] v, ' r ® At, viewed as a class in H„(W g j(y), Q)® 
H Nj (C 7 y , Wy, Q), is independent of the perturbation. Now, we define 

[*£(y)r := ^P^iW 6 '® At. 

i 

The above definition can be generalized to multiple marked points in an obvious way, so 
that _ 

[*£(yi, . . . , y k )f r e H t (Wj(y u . . . , y k ), Q) ® \\ H Ny {C N ^ , W~, Q) 

i 

has degree 



(c w -3)(l-g) + k-Y J iy). 

i I 



Corollary 4.1.3. [W gk {y\,. ■ ■ , yk)Y' r « independent of the perturbation Wo. 

Of course, Wo is only part of the perturbation data. Eventually, we want to work on 
the stack W g ^. It is known that the map so : W gk — > W g ^, defined by forgetting all the 
rigidifications, is quasi-finite and proper, so we can define 
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where -D is the sum of the indices of the W-structure bundles: 

N k 

D := - ^ index(^) = c w (g - 1) + J] hj . (50) 
i=\ j=\ 

The independence of the above virtual cycle on the rigidification implies that 

PWri 7k)Y' ir e ff.(^(n ,•••,%). Q) ® f] ^ (C*« , w y 7, Q) - . 

More generally, we have the following definition. 

Definition 4.1.4. Let T be a decorated stable W-graph (not necessarily connected) with 
each tail r € T(T) decorated by an element y T e Gw- Denote by k := |7\r)| the number of 
tails of T. We define the virtual cycle 



\W(Y)f r e H„(W(T), Q)® [ [ fl<(C*, W™, ( 



T£r(T) 

When T has a single vertex of genus g, k tails, and no edges (i.e, T is a corolla), we 
denote the virtual cycle by [ n ^ / {y)] nr , where y := (j\ , . . . , y£). 

The following theorem is proved in [FJR2 1. 

Theorem 4.1.5. The following axioms are satisfied for [W(T)] nr : 

(1) Dimension: IfD is not a half-integer (i.e., if D t \T), then [W(T)f ir = 0. Other- 
wise, the cycle [W(T)] nr has degree 

\ 

6 + 2k - 2D = 2 •: r - 3 Si I - t> ) + k - > i T . (51) 



(c-3)(l-g) + k- J] L T . 
So the cycle lies in H r {W{T), Q) ® Urenr) H^C*, W™, Q), where 



N 7l N 



r:=6g-6 + 2k-2D- £ jV yr = 2 (c-3)(l +*- £ <7r)~ 2 , 

t€T(T) I rer(T) Ter(T) 

(2) Symmetric group invariance: There is a natural S ^-action on obtained by 
permuting the tails. This action induces an action on homology. That is, for any 
cr e S k we have: 

o-. : HJW g , k ,q)®Y]H Ny XC^W;,qf- ► ^(^,Q)®^^ (o (C^ o ,W y °: (0 ,Q) c -. 

(' i 

For any decorated graph T, let crT denote the graph obtained by applying cr to the 
tails ofY. 
We have 

(r,\W(T)f r = \W(oT)Y ir . (52) 

(3) Degenerating connected graphs: Let T be a connected, genus- g, stable, decorated 
W-graph. 

The cycles [W(Y)Y" and [/^g,jfe(y)| are related by 

[W(T)f r = T[W g , k ( 7 )\' r , (53) 
where i : W(Y) *■ W gy k(y) is the canonical inclusion map. 
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(4) Disconnected graphs: Let T = ]J, T, be a stable, decorated W-graph which is the 
disjoint union of connected W-graphs Tu The classes [W(T)\' lr and [W(Ti)] vlr are 
related by 

[W(T)Y ir = [W{T x )f r x ■ • • x [W(Y d )f r ■ (54) 

(5) Topological Euler class for the Neveu-Schwarz sector: Suppose that all the dec- 
orations on tails ofT are Neveu-Schwarz, meaning that = 0, and so we can 
omit H Ny . (C^, W™,Q) = Q from our notation. 

Consider the universal W -structure , . . . , JzfJv) on the universal curve n : 
^ W(Y) and the two-term complex of sheaves 

xAm) — - R l 7t*{m). 

There is a family of maps 

Wi = S : ** ( © ^ — " nJK ® - Rln ^\y- 

The above two-term complex is quasi-isomorphic to a complex of vector bundles 

ED 

£» -** E] 

such that 

ker(of,) ► coker(if,) 

is isomorphic to the original two-term complex. W, is naturally extended ( denoted 
by the same notation) to 

0£° — (E}y. 

i 

Choosing an Hermitian metric on E- defines an isomorphism E l * = E:. Define 
the Witten map to be the following 

S = (rf/ + W,):0£?— 0£i. a £ /. 

i i 

Let 7i j : Ej ► be the projection map. The Witten map defines a proper 

section (denoted by the same notation) of the bundle 2# : ► 7Tq @ Ej. 

The above data defines a topological Euler class e(& : ►■ 

Then, 

[W T f = {-Vfe{9 : *l E\ > E°) n l^rl 

i i 

The above axiom implies two subcases. 
(a) Concavity.Q 

Suppose that all tails ofT are Neveu-Schwarz. If tt* (©' =[ = 0, then the 
virtual cycle is given by capping the top Chern class of the dual (r 1 jt* ((J) - =1 



f This axiom was called convexity in | JKV1 1 because the original form of the construction outlined by Witten 
in the A r -\ case involved the Serre dual of Sf, which is convex precisely when our S£ is concave. 
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of the pushforward with the usual fundamental cycle of the moduli space: 
[W{Y)f r = c top (Ifl 1 ^ A ) n [W(T)] 



= {-If C D 



t 



(55) 



(b) Index zero: Suppose that dim(#^(r)) = and all the decorations on tails are 
Neveu-Schwarz. 

If the pushforwards 7T„ ((J) and R l n* ((J) are both vector bundles of 
the same rank, then the virtual cycle is just the degree deg(^) of the Witten 
map times the fundamental cycle: 

[W(T)f r = deg(^) [W(T)] , 

(6) Composition law: Given any genus-g decorated stable W-graph T with k tails, 
and given any edge e ofT, let T denote the graph obtained by "cutting" the edge 
e and replacing it with two unjoined tails t+ and t_ decorated with y+ and y_, 
respectively. 

The fiber product 

F := W(f) x mr) W(T) 

has morphisms 

■WiY) -J— F W(Y). 

We have 

(K (F) rl = deg^^( [5r ^ ]V ' r )' (56) 
where ()± is the map from 
HJW(f) ® \~[ H N JCl,W™,Q)®H N Jcy + ,W™,Q)®H Nr _(Cl,w;_,Q) 

rer(T) 

to 

H«(W(T)® f[ H Nn {G N jT ,w; T ,Q) 

obtained by contracting the last two factors via the pairing 

< , > : H Ny+ (C^ , W~ , Q) ® H Ny {C N y _ , W;_ ,Q) Q 

(7) Forgetting tails: 

(a) Lef r Zzave zf/z to/Z decorated with J, where J is the exponential grading 
element of G. Further let P fee f/ze decorated W-graph obtained from Y by 
forgetting the ith tail and its decoration. Assume that P is stable, and denote 
the forgetting tails morphism by 

i? : W{Y) W(V). 

We have 

[W{T)t r = &* [W(T')] vir . (57) 
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(b) In the case of g — and k — 3, the space W(y\ , y 2 , J) is empty ify\y 2 + 1 and 
W Q ,3(y,y-\j) = 3§G W - We omit H N] {C N j ,Wy ,Q) Cw = Qfrom the notation. 
In this case, the cycle 

[^0,3(7, r" 1 , J)J ir e HJj^Gw, Q) ® H Ny (C», W y °°, Q) Cw ® H Ny _, «£, , , Q) Gw 

is the fundamental cycle ofSSG-w times the Casimir element. Here the Casimir 
element is defined as follows. Choose a basis (a,) of H^iCy , Wy, Q>) Gw , and 
a basis [fSj] of H N ^_ X , W™, , Q) Cw . Let n u = (a h /3j} and (rf j ) be the in- 
verse matrix 0/(77^). The Casimir element is defined as otjTf- 1 <8> /3j. 
(8) Sums of singularities: IfW\€ C[zi,...,Z t ] and W2 e C[z t +\, ■ ■ ■ ,z t +A are two 
quasi-homogeneous polynomials with diagonal automorphism groups Gw, and 
Gw 2 > then the diagonal automorphism group ofW\ + W% is Gw,+w 2 — Gw, x Gw 2 - 
Further, the state space J^w l+ w 2 i s naturally isomorphic to the tensor product 

Mw,+w 2 — Jew, ® ^w 2 , (58) 
and the space W gyk has a natural map to the fiber product 

yr g dWi + w 2 ) — w gJ syv{) x-^ w g , k (w 2 ). 

Indeed, since any Gw,+w 2 -decorated stable graph F induces a Gw^-decorated 
graph Y\ and Gw 2 -decorated graph F 2 with the same underlying graph T, we have 

W(W { + W 2 , V) — W{W u Tx) x^ (F) W(W 2 , T 2 ). (59) 
Composing with the natural inclusion 

%,k(Wi) W g , k (W 2 ) W g , k (Wi) x W g , k {W 2 ), 
and using the isomorphism of middle homology gives a homomorphism 
t k \ 



w*oA* 



H»(W g , k (W0, Q) ® f[ H Nju (C^ , (WO- , Q) Gl ® HjW g , k (W 2 ), Q) ® ]~[ (C^, (W 2 ) 



!=1 



/=1 

G,XC, 



— H,{W g , k {W, + W 2 ), Q) ® f[ H %w , rw) (Cf ru , r ,, 2) , W£ u , ru) , Q) ( 

The virtual cycle satisfies 

of o A* (\W g *(W0] Vir ® [^(W 2 )] W ) = [^(W, + Wz)]""' . (60) 

Remark 4.1.6. It is relatively straightforward to show that in the case of A,_i our virtual 
cycle can be used to construct an r-spin virtual class, in the sense of IIJKV1I §4. 1]. 

Remark 4.1.7. As usual, we can define Gromov-Witten type correlators by integrating 

r -ivir 

tautological classes such as if/j and p/j over the W g £ 

A direct consequence of the above axioms is the fact that the above correlators de- 
fined by ipi, together with the rescaled pairing ( , ) y := , ) y , satisfy the usual axioms 
of Gromov-Witten theory (without the divisor axiom) and a modified version of the unit 



axiom 



(a u a 2 ,ej)Q = \(y)\{a u a 2 ) 



for a\ e My and for a 2 e Jtfy-i . In this paper, we favor a slightly different version, which 
we now explain. 



'y,,2 7 
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4.2. Cohomological field theory. One gets a cleaner formula by pushing [#^(7)] 

down to jft, ' gy k- 

Definition 4.2.1. Let A w k e Hom(Jf® k , i/*(3# gjt )) be given for homogeneous elements 
«:=(«!,..., a k ) with a,- e by 



deg(sf) 



(61) 



and then extend linearly to general elements of M^ k . Here, PD is the Poincare duality 
map. 

Let ei := 1 be the distinguished generator of J£y, and let ( , ) w denote the pairing on the 
state space JTtfyy. 

Theorem 4.2.2. The collection (J#w, ( , ) w , (A^j, Ci) is a cohomological field theory with 
flat identity. 

Moreover, if W\ and W2 are two singularities in distinct variables, then the cohomo- 
logical field theory arising from W\ + W2 is the tensor product of the cohomological field 
theories arising from W\ and W2: 

(jr Wl+Wl ,{Ali +m -}) = (je Wj ® je Wl , {Al' k ® a^!). 

Proof. To show that the classes form a cohomological field theory, we must show that the 
following properties hold (see, for example, 1JKV1I §3.1]): 

CI. The element A™ n is invariant under the action of the symmetric group S k - 
C2. Let g = g\ + g2\ let k = k\ + k2\ and let 

p, ree : ^ gu k,+\ x^£ g2 ^ 2 +\ ^ g ,k 

be the gluing trees morphism (f20b . Then the forms A gt „ satisfy the composition 
property 

Puee A gi+g2.k(ai,a 2 ...,a k ) = 

Yj A sai+i(«i] ' ■ • ■ > a h, >V) if v ® A g2 , fe+ i(v, a ih+i a ki+h ) (62) 

for all a, e ffiy/, where [i and v run through a basis of Jtf?w, and rf v denotes the 
inverse of the pairing ( , ) with respect to that basis. 
C3. Let 

Ploop ■ ^ g-l,k+2 ^g,k (63) 

be the gluing loops morphism (f2Tb . Then 

Pioop A g,k( a uO!2,---,aik) = Y J A g -i M 2(a l ,a2,...,a„,ti,v)if v , (64) 

where a,, /i, v, and 77 are as in C2. 
C4a. For all c,- in we have 

A g ,s :+ i(ori > ...,ar i ,ei) = &*A gik (ai, . . . , a k ), (65) 
where ft : ^ g , n +\ *■ ^ g , n is the universal curve. 

C4b. 

Ao, 3 (ai,a 2 ,ei) = (ai,a 2 ) w . (66) 



0.3 
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Axiom CI follows immediately from the symmetric group invariance (axiom© of the 
virtual cycle. 

To prove Axioms C2 and C3 we first need a simple lemma. 

Lemma 4.2.3. For a diagram of schemes or DM stacks, 

i 



(67) 



where i and j are regular imbeddings of the same codimension, p and q are finite mor- 

phisms, and there exists a finite surjective morphism f : W Z Xx Y with p — pr\ o / 

and i — pr2 ° /, or such that there exists a finite surjective morphism f : Z Xx Y ► W 

with pr\ — p ° f and pr2 — i o f, then for any c e H t (Y, Q) we have 

deg(p) deg(^) 

Proof. If the diagram is Cartesian (i.e., W — Zxx Y), then it is well known |Fu Rem 6.2.1] 
that pj*{c) - j*q*{c). In this case, we have deg(p) = deg(g), so the lemma holds in the 
case that the square is Cartesian. 

In the case that / : W *■ Z Xx Y is surjective, we have 

P*i*(c) _ (pri)*f*f*(pr 2 )*(c) _ j*q t (c) 
deg(p) deg(/)deg(pri) deg(^) 

because /*/*(c) = deg(/)c in homology and cohomology. 

The argument is similar in the case where f : Z Xx Y W is surjective. □ 

Note that the conditions of Lemma l4.2.3l hold in the case that W is the locus of points 
of Y that map to Z, and p is just the restriction of q to W. In that case, W is not equal to 
the fiber product unless the degree of p is equal to the degree of q, but W is the scheme- 
theoretic reduced space (Z Y) re j, and hence there is a surjective morphism f : Z Xx 
Y * W. 

The next lemma, that the Casimir element is Poincare dual to the pairing, is well known, 
but we include it for completeness because we use it often. 

Lemma 4.2.4. Let a, e be a basis. Consider the Casimir element of its pairing 
Yjij rf ! di ®ctj. We claim that for u, v E J^Z, 

(u, v) = U ® V Pi ^ if^CHi ® Otj. 

ij 

Proof. Let a* be the dual basis and let u := 2/( M > <Xi)a*, and v := J^j(v, Therefore, 

(u,v) = 2^(u,ai)(v,aj)(a*,a*p. 

ij 

Notice that 77,^ = (arj, aj) and r\'> = (a*, a*,). The right hand side is precisely u^vfl 

X;; '/''<>; till,. □ 

Now, we prove Axioms C2 and C3. Let a, e J^,. and let F denote the W-graph of either 
the tree (two vertices, of genus g\ and g2, respectively, with k\ and k% tails, respectively, 
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and one separating edge) or of the loop (one vertex of genus g — 1 with k tails and one 
edge) where the ith tail is decorated with the group element y,. 

Let T denote the "cut" version of the graph F. Note that the data given do not determine 
a decoration of the edge, so F and T are really sums over all choices T y or F y decorated 
with y e G on the edge. 

Using the notation of the composition axiom ©, we have the following commutative 
diagram for each y. 




pr z 



W r ) 



(69) 



And summing over all y e G, we have the following. 



( J W(Y y ) W g . k (7) 



yeC 



st 



(70) 



We have p — i o p. In the second diagram, note that the square is not Cartesian. In fact, 
by Propositions 12 . 2 . 1 71 and [Z2 .181 it fails to be Cartesian by a factor of \y\ on each term. 
Lemma |4.2.3| applies, and so we have 



i'st, [^(y)] w = J] Kr)l(^r T )J* [W g ,k(7)J 

yeC 



(71) 



Fo simplify computations, we choose a basis B :- {/U y>! -} of J%w with each \i y € J^., 
and write all the Casimir elements in terms of this basis. 
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In the case of Axiom C3 (the case that T is a loop) we have 
A g _ u+2 (ai, ...,a k ,fi, v)rf v = £ yeC ag^jM? (st f \ ([^(f r )] W n n?=i <*> U p yJ U v y>i 



= 2r,c deg(i^ g(gy ) PD (% y ). ((?r).^ [^( r r)] l ' !> n nl 

= Z yec a£p^ Op'K). ([^(r r )f n nt, or,-) 
= 2 yec pferap*fe r ), ([W y )f r n nf =1 or*) 



2 yeC ^rap*(^r r ),r ([^(y)]'" > n n£i <*) 



_ B 

degC 

= p'A^ t (ari,...,a i ) 

The second equality follows from the fact that the Casimir element in cohomology is dual 
to the pairing in homology. The sixth follows from the explicit computation of deg(s?r) 
in Proposition 12.2.181 and the seventh from the connected graphs axiom (Axiom [3}. The 
eighth equality follows from Equation (F7Tb . 

The case of Axiom C2 is similar, but simpler, because there is only one choice of deco- 
ration y for the edge of F. In this case we have 



deg(ifp) 

\G\ g 
deg(iff) 

\G\ 



PD (st f ), 
PD (stf% 



1=1 

k 

w] v ") n Y\ ai 



i=l ) 



deg(5f f ) deg(<?) 
\Gf 



k \ 



i=\ J 



deg(pn) 

\G\ g 
deg(sf r ) 

\G\ S 



PD{ P n\ 



deg(rt)/|<y>| 

|GF|<y)| 



PD(stf), (?),pr;[f(nfnf]a, 
v 

l 

pr* [5T(r)] Wr n fl a, 
i=i / 

PDp'(str). [W{Y)f n \\ a-, 

I 

PDpXstr). mr)f r n Y]a t 



1=1 ) 

k \ 



deg(sf) 



PDp*(st T ) t 



i=l ) 
k \ 



[W(r)f r nY] ai 



/=! ) 



= p*A.J k (a u ...,a k ). 



Axiom C4a and Axiom C4b follow immediately from the forgetting tails axiom. □ 
Corollary 4.2.5. The genus-zero theory defines a Frobenius manifold. 
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Definition 4.2.6. Define correlators 



(t/, (ori ),..., T k (a k ))l 



f A>i,...,a,)n^ 



Definition 4.2.7. Let {ao, . . . , a s } be a basis of the state space J%w such that ao = 1, and 
let t = (t , ti, . . .) with t; = (t°°, t" 1 ,..., tf) be formal variables. Denote by <£> w (t) e 
/l _2 C[[t, A]] the (large phase space) potential of the theory: 



^(t):=2^(t):=Z^ 2 Z?FZ Z (t^-t^K 1 -^ 



s><> 



h,...,h ai,...,at 



Theorem 4.2.8. The potential <t> w (t) satisfies analogues of the string and dilaton equations 
and the topological recursion relations. 



Proof. Let ■& : 



uk denote the universal curve, and let D^+i denote the 



class of the image of the 2th section in 

The dilaton and string equations for <f> w follow directly from the forgetting tails axiom 
and from fact that the gravitational descendants if/, satisfy i?*(i^,) = ij/i + A,*+i- 

The topological recursion relations hold because of the relation 



-A, 



T + UT_=[k] 
k,k-\eT* 
ieT- 



on ^#o,/t, where 6oj t is the boundary divisor in corresponding to a graph with a 

single edge and one vertex labeled by tails in T + . a 

For more details about these equations in the A„ case, see HJKV1I §5.2] 

4.2.1. Cohomological Field Theory for Admissible Subgroups. We now wish to consider 
the more general case of admissible subgroups. Recall that G is admissible if G — G-^ for 
some W — W + Z. Denote by i the inclusion of stacks 



and by stc the restriction of if to W g ,k,c- 
Definition 4.2.9. Define 

[#kc(7)r := »* 

and 



(%*(y)r) 



^W,G '■= (^) ^y,G '■= H 



yeG 



yeC 



And for any x = . . . e Fly, ^y„c define 

\G\* 



\7 <*> := 



deg(5f G ) 



st c * 



(St 



and then extend linearly to general elements of Jtf^ 

Exactly the same arguments that we used to prove Theorem l4.2.2l also show that {A^ } 
forms a cohomological field theory. 
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5. ADE- SINGULARITIES AND MlRROR SYMMETRY 

The construction of this paper corresponds to the A-model of the Landau-Ginzburg 
model. A particular invariant from our theory is the ring ,j#w,g- The Milnor ring, or local 
algebra, J2w of a singularity can be considered as the B-model. One outstanding conjecture 
of Witten is the self-mirror phenomenon for ADE-singularities. This conjecture states that 
for any simple (i.e., ADE) singularity W, the ring J^w,(j) is isomorphic, as a Frobenius 
algebra, to the Milnor ring £2w of the same singularity. 

This is the main topic of this section. More precisely, we prove the following theorem, 
which resolves the conjecture and serves as the first step toward the proof of the integrable 
hierarchy theorems in the next section. 

Theorem 5.0.10. [Theoren ^LOJ^ 

(1) Except for D n with n odd, the ring J%w,(j) of any simple (ADE) singularity W with 
symmetry group (J) is isomorphic, as a Frobenius algebra, to the Milnor ring £?w 
of the same singularity. 

(2) The ring J%h n ,G D °fD n with the maximal diagonal symmetry group Gd„ is isomor- 
phic, as a Frobenius algebra, to the Milnor ring JS^-\ y+y i = =2a 2 „- 3 - 

(3) The ring J%w,g w ofW — x"~ l y + y 2 (n > 4) with the maximal diagonal symmetry 
group is isomorphic, as a Frobenius algebra, to the Milnor ring £}o n of D n . 

Note that the self-mirror conjecture is not quite correct. In particular, in the case of D„ 
for n odd, the maximal symmetry group is generated by J, but the ring J^w,c w = ^w,(J) 
is not isomorphic to £}d„ ■ Instead it is isomorphic to the the Milnor ring of the singularity 
W := x n ~ l y + y 2 , and conversely, the ring Mt/?>,g v , is isomorphic to the Milnor ring =Sd„, 
so, in fact, the mirror of D„ is W = x"~ l y + y 2 . 

This is a special case of the construction of Berglund and Hiibsch [BH] for invertible 
singularities. Specifically, consider a singularity W of the form 

N N 

W=Y Wj with Wj = 4 f J > 

;=i i=i 

and with bfj e Z-°. As we did in the proof of Lemma 12.1.81 we form the N x N matrix 
B :- (b(j). Berglund and Hiibsch conjectured that the mirror partner to W should be the 
singularity corresponding to B T , that is 

N N 

W T := Y Wj, where wj = J~[ x b . J . 

t=\ 7 =1 

Using this construction, we find that the mirror partner to D n = + xy 2 should be 
the singularity D T n = x"~ l y + y 2 . This singularity is isomorphic to A2B-3, so the Milnor ring 
of W is isomorphic to the Milnor ring of A2 n ~3- But this isomorphism of singularities does 
not give an isomorphism of A-model theories. Indeed, Theorem l5 .0. 1 01 shows that the ring 
Jtf? D T CaT of D T n is not isomorphic to the ring ^A, n _,,c /l2 3 > but rather it it isomorphic to J2d u . 

The Berglund and Hiibsch construction also explains the self-duality of A„ and £6,7,8 • 
In addition, their elegant construction opens a door to the further development of the sub- 
ject of Landau-Ginzburg mirror symmetry. Since the initial post of this article in 2007, 
much progress on Landau-Ginzburg mirror symmetry has been made by Krawitz and his 
collaborators iKrllPrl . 
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We note that Kaufmann OKall IKa2l IKa31 has made a computation for a different, alge- 
braic construction of an "orbifolded Landau-Ginzburg model" which gives mirror symme- 
try results that match the results of Theorem l5. 0.101 In particular, in his theory, just as in 
ours, the D„ case for n odd is also not self-dual, but rather is mirror dual to D T n . 

5.1. Relation between B w and H N (C N , W°°,Q- As we mentioned earlier, the Milnor 
ring £?w represents a B-model structure. In order to obtain the correct action, we con- 
sider J2ww, where a> = dx\ A • • • A dx^. Here an element of £?wu is of the form (pco, 
where (p e J2w and y e Gw acts on both (f> and at. The A-model analogy is the relative 
cohomology groups H N (C N , W°°, C). It was an old theorem of Wall IWaTI IWa2l that they 
are isomorphic as G^-spaces. Wall's theorem could almost be viewed as a sort of mirror 
symmetry theorem itself. 

An "honest" mirror symmetry theorem should exchange the A-model for one singularity 
with the B-model for a different singularity. However, it is technically convenient for us to 
use Wall's isomorphism to label the class of H N (C N , W°°, C). For the A-model state space, 
we need to consider H N (C N , C)^ with the intersection pairing. It is well known that 
Wall's isomorphism can be improved to show that 



(see a nice treatment in [Ce]). It is clear that the above isomorphism also holds for the 
invariants of any admissible group G. With the above isomorphism, we have the identifi- 
cations: 



where a> 7 is the restriction of the volume form a> to the fixed locus Fixy. The space 
® (<&w y <^y) arises in the orbifolded Landau-Ginzburg models studied by Intriligator- 



Vafa and Kaufmann in lITVl [KaTl [Ka2l [Ka3ll . 

For computational purposes, it is usually easier to work with the sums of Milnor rings 
so we will use the identification ( 1721 for the remainder of the paper. However, we would 
like to emphasize that while J2w has a natural ring structure, H N (C N , W 00 , C) does not have 
any natural ring structure. Moreover, the ring structure induced on the state space is not 
the same as the one induced by the Milnor rings via the isomorphism ( l72b . Furthermore, 
J2w has an internal grading, while the degree of H N (C N , W°°, C) is just N. Hence, they are 
very different objects, and readers should not be confused by their similarity. 

Before we start an explicit computation, we make several additional remarks. 

Remark 5.1.1. One point of confusion is the notation of degree in singularity theory versus 
that of Gromov-Witten theory. Throughout the rest of paper, we will use deg c to denote 
the degree in singularity theory (i.e., the degree of the monomial) and deg^ to denote its 
degree as a cohomology class in Gromov-Witten or quantum singularity theory. We have 



Remark 5.1.2. The local algebra, or Milnor ring, <&w carries a natural non-degenerate 
pairing defined by 





(72) 



deg w = 2 deg c . 



dx\ dx N 

The pairing can be also understood as follows. The residue Res(/) := Res^o 
has the following properties 
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(1) : ResCO = 0ifdeg c (/)<cw. 

(2) = Res (^)=^ 

Modulo the Jacobian ideal, any polynomial / can be uniquely expressed as / = C ^ g^ x j + 
/', with deg c (/') < cw- This implies that 

Res(/) = Cfi. 

Remark 5.1.3. For any G < Aut(W), the action of the group G on the line bundles of the 
W-structure and on relative homology is inverse to the action on sheaves of sections, on 
relative cohomology, on the local ring, and on germs of differential forms. For instance, 
the element we have called J acts on homology and on the line bundles of the W-structure 
as (exp(27n'gi), . . . , exp{2mqpf)), but it acts on J2w and on J2w<jJ as 

/ >"l i»n _ -MEjBWiJli m N 

1 ' ' N ~ 1 N 

and 

J ■ • ■ • x m N N dx x A • • ■ A dx N = e - 2ni ^ m - +l) i< x ^ ■ ■ ■ x m N N dx x A • • ■ A dx N . 
5.2. Self-mirror cases. 

5.2.1. The singularity A„. The maximal diagonal symmetry group of A„ - x" +l is pre- 
cisely the group (J). The (7)-invariants of the theory in the case of A„ agree with the 
theory of (n + l)-spin curves in flJKVll . In that paper it is proved that the associated 
Frobenius algebra is isomorphic to the A„ Milnor ring (local algebra), and the Frobenius 
manifold is isomorphic to the Saito Frobenius manifold for A n . 

5.2.2. The exceptional singularity Ej. Consider now the case of £7 = x 3 + xy 1 . We have 

q x = 1/3, and q y = 2/9, and c El = 8/9. 

Furthermore 

G El = (J) = Z/9Z, 
where, if £ = exp(27r//9), then J acts by (£ 3 ,£ 2 ), and 

® J X = 2/3 & J y = 7/9. 

Denote 

e := dxAdy e H mid (C N j0 , W%,Q), 



and 



e k :=dxe H mid {C N ]k , W$, Q) for k = 3, 6, 



e t :=leH mid (C N rk ,W%Q)for3n- 



We also denote the element 1 := ej. 

Using this notation, the G El -space jteZ/9Z ^ m " i (C^, W^,Q) can be described as fol- 
lows: 

£7 = (eo, x'eo, x 2 eo,yeo,y 2 eo, xyeo, x 2 yeo) if k = 
flma (C w f w « > Q) = , Ai = <efc ^ if k _ 3 6 (mod 9) 

Ai = <et> if3f*. 

(73) 

The Gs 7 -invariant elements of this space form the state space of the E-j theory 
.ye El = (y 2 e ,l,e2,e4,e5,e 7 ,e8>. 
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We now compute the genus-zero, three-point correlators for the Ge 1 -invariant terms 
of the theory. First, the W-degree deg w {x' y^ek) depends only on k and is given by the 
following table: 



k 





1 


2 


3 


4 


5 


6 


7 


8 


ijk 


-5/9 





5/9 


1/9 


6/9 


2/9 


-2/9 


3/9 


8/9 


deg w (x'y J e k ) 


8/9 





10/9 


11/9 


4/3 


4/9 


5/9 


2/3 


16/9 



The dimension axiom (Equation (IBTl i) shows that the genus-zero, three-point correlators 
(ae^, , be.k 2 , ce^ )q 7 will vanish unless 2/ deg lv (e / t l ) = 2c£ 7 . A straightforward computation 
shows this only occurs for the following correlators : 

<y 2 e ,y 2 e , 1>* 7 , <y 2 e , e 5 , e 5 )^ 7 , (1, 1, e 8 >^ 7 , (1, e 2 , e 7 >^ 7 , (1, e 4 , e 5 )f , <e 5 , e 7 , e 7 >^ . 

Of these, the line bundles involved in the ^-structure for the correlators 

(1, 1, e^ 7 , (1, e 2 , e 7 )^ 7 , (1, e 4 , e 5 >f , <e 5 , e 7 , e 7 )^ 7 

are all concave, so the virtual cycle must be Poincare dual to the top (zeroth) Chern class 
of the bundle R}n*(5£\ © Jz?2) = 0, which is 1. Thus these correlators are all 1. 

The correlator (y 2 eo,y 2 eol)Q 7 , is just the residue pairing of the element y 2 eo with it- 
self. The residue pairing of the Hessian of W with 1 is the Milnor number /j = 7, so 
<yVy 2 eo,l>o 7 = -1/3. 

Finally, we will compute the correlator <y 2 eo, e5, es)^ 7 by using the Composition Law 

(Axiom©. The cycle [W 0A (E 7 ; J 5 , J 5 , J 5 , J 5 )]"" corresponds to a cycle on #o )4 (£ 7 ; J 5 , J 5 , J 5 , J 5 ) 
of (real) dimension 6g-6 + 2k- 2D = 2, and thus it is just a constant times the fundamental 
cycle. 

The line bundles \Ji£ x \ and |J?f v | have degrees -2 and 0, respectively, and thus for each 
fiber (isomorphic to CP 1 ) of the universal curve over 'Wq4(E 7 ; J 5 , J 5 , J 5 , J 5 ) we have 
/ACP 1 , \3? x \ © |JSfy|) = © C, and H 1 (CP 1 , LSf*| © |JS*|) = C © 0. The Witten map from H° 
to H l is (3x 2 +y 3 , 2xy). This map has degree -3, so by the Index-Zero Axiom (Axiom[5b|l, 

the pullback of the virtual cycle [Wo,4(Ej; J 5 , J 5 , J 5 , J 5 )] to the boundary is -3 times the 
fundamental cycle, and p*Ag 7 4 (e5, es, es, es) = -3. 
By the Composition Axiom, we have 

-3 =^A^(e5,e5,a i )^A^ 7 3 08 J -,e5,e5). 

But the only non-zero three-point class of the form A^es, es, or,) is A^es, es, y 2 eo). Thus 
we have 

-3 = -3 (A^ 3 (e 5 ,e 5 ,y 2 e )) 2 , 

and 

(e5,e 5 ,y 2 eo^ 7 = f A^(e 5 ,e 5 ,); 2 eo) = ±1. (74) 

Now we use the fact that our pairing matches e* to e9_t, and we use these correlators 
as the structure constants for an algebra on the invariant state space. If we define a map 
4> a : C[X, Y] * Jf El by 

X i-» ff 3 e 7 and Y h-> a 2 es 
for any a e C*, then we can make </> into a surjective homomorphism as follows: 
1 i-» 1 = d X 2 i-> a 6 e 4 XY h» a 5 e 2 
X 2 Y 1— > a 8 e 8 Y 2 ^ +3aVe 
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Moreover, we have the relations 

<P(X) * 4>{Y) 2 = 

and 

<f>(Y) 3 = 4>(Y) * (+3aVe ) = +3a 6 ^<e 5 ,y 2 e ,a>^ rfp 

«vs (75) 

= -3a* 5 e 4 = -3^(X) 2 . 

So the kernel of contains XY 2 and F 3 + 3X 2 , but £ El = C[X, Y] /(XY 2 , Y 3 + 3X 2 ) has the 
same dimension as J%e 7 ; therefore 

B El = C[X, Y]/(XY 2 , 3X 2 + Y 3 ) ( Jif^, ★) 

is an isomorphism of graded algebras for any choice of a e C*. 

We wish to choose a so that the isomorphism <\> a also preserves the pairing. The pairing 
for J2 El has 

(\,X 2 Y)^ = l - and (F 2 ,7 2 )^=-i 

whereas for ,y^ El the pairing is given by 

<l,e 8 >^ 7 = 1 and <+y 2 e , +y 2 to)j^ El = -3. 

This shows that the pairings differ by a constant factor of 9, and since cf>(X 2 Y) and <p(Y 4 ) 
both have degree 8 in a, choosing a* = 1/9 makes <f> into an isomorphism of graded 
Frobenius algebras 

^ E7 =(J^ E G 7 ,*). 

5.2.3. The exceptional singularities E& and Eg. Our ring J%w,c w for both of the exceptional 
singularities — x 3 + y 4 and Eg = x 3 + y 5 with maximal symmetry group Gw can be 
computed easily using the Sums of Singularities Axiom (Axiom|H). In this case we have 

^£ 6 ,G £6 = ^A 2 ,C Al ® ^ 3 ,C„ = £ Al ® ^A 3 = ^£ 6 (76) 
^ 8 .G £ , = ^A 2 ,G, 2 ® ^ 4 ,G, 4 = ^ 2 ® ^A 4 = ^£ 8 , (77) 

where the second isomorphism of each row follows from the A„ case. Note that in both 
cases we have (J) = Gw- 

Later, when we compute the four-point correlators, it will be useful to have these iso- 
morphisms described explicitly. 

Explicit Isomorphism for E$. Define E^ := x 3 + y 4 . The invariants are generated by the 

elements ei,e2,e 5 ,e 7 , do, en, where ej := 1 e H mid (C^,W^,Q). 

Computations similar to those done above show that the isomorphism of graded Frobe- 
nius algebras J3 E(y J#e 6 ,g e is given by 

Y i — * or 3 e5 and X h-> a 4 eio, 

with a 10 = 1/12. 

Explicit Isomorphism for Eg, Define Eg := x 3 +y 5 . The invariants are generated by the 

elements d, e 2 , e 4 , e 7 , e 8 , en, en, e M where e* := 1 e H mid (C^, Q). 

Again, computations similar to those done above show that the isomorphism of graded 
Frobenius algebras £} E% ^C E% ,c E% is given by 

Y h-> ar 3 e7 and X i-» a en, 

with a 14 = 1/15. 
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5.2.4. The singularity D n+ \ with n odd and symmetry group (J). Consider the case of D n+ \ 
with W - x" + xy 2 and with n odd. The weights are q x = l/n and q y = (n - l)/2n and the 
central charge is cd„ +1 = (n — 1) /n. The exponential grading operator / is 

J = (£ 2 , f- 1 ) where £, = exp(2m/2n). 

And J has order « in the group Go„ tl = ((£ 2 , £)) — 2/2nZ. 

As described in Section l2~3l we may restrict to the sectors that come from the subgroup 
(J) by restricting the virtual cycle for D n+ \ to the locus corresponding to the moduli space 
for W -curves, with W := x" + xy 2 + ^: ( " +1 ^ 2 y. For the rest of this example we assume 
this restriction has been made. To simplify computations later, we find it easier to take 
a e (0, n] instead of the more traditional range of [0, «). 

Denote 

e„ := dxhdy e H mid (C^,W^„ Q) = H mid (C% W™, Q), 
e fl := 1 e H mid (C%, W%, Q) for a + n, 
so that the G D „ +1 -space © tez/ „ z H mid {C" W? t , Q) can be described as 



//"""( : x . UC, Q) = j Dn+1 " <e "' Jfle "' x2e '" " ■ " ' JC '" le '" );e " > if k ~ n (78) 
7 1 ^ U, = <e t > ififcsO (mod n). 



The (7)-invariant elements form our state space 

J^ B+] = (^ n - 1)/2 e„,je n> e 1> ...,e (n _i ) ). 

To prove that (J%h„ +l , *) - =So„+i' we w iU choose constants a,/? e C so that the ring 
homomorphism 

4>:C[X,Y] Jf Dl , +l , 

defined by X i-» e3 and T h-> o^jc^e,,) + f3(ye n ), induces an isomorphism from =Sd„ +1 to 
,<■/>■ 

To determine properties of the homomorphism, we must better understand the genus- 
zero, three-point correlators for the (7)-invariant terms of the theory. 

The degree deg w {x'y'e a ) is determined only by a and is given as follows: 

I if a is odd and a € (0, n] 

[ n+a ~ 1 if a is even and a e (0, n). 



deg w (x'y J e a ) = 



For the genus-zero, three-point correlators, denote the relevant sectors by J"' for i e 
{1,2, 3}. Using the dimension axiom, we see that the virtual cycle vanishes unless 

2e A, + i = ^deg w (e a ,). 

; 

This occurs precisely when 

^ a,- = 2n + 1 - nE, (79) 

i 

where E denotes the number of a, which are even. Since < a, < n for all i, we have 
2 a,- > 3, soO < E < 1. 

Using Equation (TTTb for the degree of the bundles |«5f v | and |Jz? v |, we have the following 

two cases: 

(1) If E = 1, then deg(|«5f t |) = deg(|«if v |) = -1. In this case the concavity axiom shows 
that the correlator is 1 . 

(2) If E — 0, then at most two of the a,- can be n. There are three cases: 

(a) If E = and none of the a t is n, then deg(|«if x |) = -2 and deg(|«5f v |) = 0. 
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(b) If E — and exactly one a, is n, then degdJz?*!) = -1 and deg(|Jz? y |) = 0. 

(c) If E = and exactly two of the a -, are n, then deg(|^f x |) = deg(|„Sf v |) = 0. 
For Case [2] first note that all correlators of the form 

<vy,i>£r 

for v, V e are simply the pairing of v with v' in JdC, In particular, 

lJn-Y)l1 Y («-l)/2„ ivAh-i _ / r (n-l)/2„ r (n-l)/2 x _ J_ 

<ye„,ye„, 1)" 3 +1 = (ye n ,ye„> = — 

and 

(jc ( "- 1)/2 e n> >»e„,l>^ +1 = U^'^n^n) = 0- 
For Case[2a]the line bundles \^£ x \ and have degrees -2 and 0, respectively, and thus 
iACP 1 , \S? X \ © \& y \) = © C, and //'(CP 1 , \££ x \ © |J^,|) = C © 0, and the Witten map from 
H° to H l is (nx n ~ l + y 2 ,2xy). This map has degree -2, so, as in previous arguments, the 
Index-Zero Axiom (Axioml5bii shows that the correlator, is -2. 

Case of n > 3 . If we assume that n > 3, and letting /i and v range through the basis 
{x ( "" 1)/2 e„,ye„,ei, . . .,e (n _i)}, we have 

e3 *e 3 = ^<e 3 ,e 3 ,ju>7rV 

i".V 

= ^<e 3 ,e 3 ,e„_ 5 >?7 e '" 5V v 

V 

= <e 3 ,e 3 ,e„_ 5 )e5 = e 5 . 
Similar computations show that for / < (n - l)/2 we have 

e 3 = ea+i. 

In the case of el* - ' we have 

e<,"- 1)/2 = e 3 * e 3 "" 3)/2 = (e 3 ,e ( „- 2) ,^ I)/2 e„)2«x ( ' , - 1)/2 e„ + <e 3 ,e ( „- 2 ),ye„)(-2)ye„. 
To simplify notation we denote r :- (e-},e( fl -2),xf /> ~ '' 2 e n ) an d s := (e3,e(„_2),je n ), so that 

= (2»« ( "- 1)/2 e„ - 2sye„). 
Note that a computation like the one done above for case [2a] shows that the restriction 

of the virtual cycle [% A , Dn+l (J 3 > ■ /( "~ 2) > A -/ ( "~ 2) )]"' to the boundary is zero-dimensional 
and equals -2. The composition axiom applied to this class shows that 

-2 = 2nr 2 - 2s 2 . 

This shows that 

4" +1)/2 = e 3 * ((2nrx ( "- I)/2 e„ - 2sye„)) 

= 2nr 2 &2 — 2s 2 t2 
= -2e 2 . 

Proceeding in this manner, we find that 

e' 3 = -2e ( 2/-„+i) if (« + l)/2 < / < n - 1. 
We wish to choose constants a and /3 so that the homomorphism 

(/> : C[X, Y] - ^D„ +1 ,(y>, 1 h> e,, X e 3 , 7h ffx ( "" 1,/2 e„ + j8ye„ 
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has both XY and nX^ + Y 2 in its kernel, but so that (j)(Y) is not in the span (0(1), (f>(X), (f)(X { "- x) ). 
A straightforward calculation shows that 

Combining this with our previous calculations, we require 

a --t =2n . 
2n 2 

Moreover, one easily computes that <p{XY) = (ar + /3s)e2 and so a — -/3s jr. This gives 

/3 - +2nr, and thus a = +2ns. 

With these choices of a and/? it is easy to check that (p(Y) is not in the span (0(1), <p(X), . . . , 0(X ( " _1) ). 
This means that </> is surjective and the ideal (XY, nX"~ l + Y 2 ) lies in its kernel, and thus it 

induces the desired isomorphism of graded rings : &d„ +1 •* (^D„ +1 ,<y>, *)■ 

As in the case of E-j, we wish to rescale <p to make it also an isomorphism of Frobenius 
algebras. The pairing for =2d„ + i is 

(Z"- 1 ,l>= l/2n and (T 2 ,l) = -l/2, 

whereas the paring for ,^D inU (]) nas 

<e«- \ 1) = (-2e„_i, 1) = -2 and (0(F 2 ), 1) = -n{${X"- 1 ), 1) = In. 

Thus the pairing of JfD„ +l ,(j) is a constant -4n times the pairing of J3d„ +1 - Since both 
rings are graded and the pairing respects the grading, rescaling the homomorphism by an 
appropriate factor (namely, 4>(X) = cr 2 e3, and 4>{Y) = cr"^ l (ax^ 1 ^ 2 e n +/3ye n ), with cr 2 " -2 = 
l/(-4n)), shows that we can construct an isomorphism of graded Frobenius algebras 

=Sd„+i - (^ZVi ,<./>' *)• 

Case of n — 3 . In the case that n — 3 we can determine all the correlators just by the selec- 
tion rule (Equation d79l )) and the pairing. Specifically, we have the correlators 

(ei,ei,e 2 >o 4 = 1 (xe 3 ,xe 3 ,ei>o 4 = 1/6 

(ye 3 ,ye 3 ,ei>£ 4 = -1/2 (xe 3 ,ye 3 ,ei>£ 4 = 0, 

and all other three-point correlators vanish. 

It is easy to verify that the map (f> : C *■ J^b 4t {r> taking X i-> xe 3 and Y t-* ye 3 

induces an isomorphism of graded Frobenius algebras 

<@D 4 = (<%?Dt,(J), *)■ 

5.3. Simple singularities which are not self- mirror. 

5.3.1. The singularity D n+ \ with its maximal Abelian symmetry group. In this subsection 
we will show that, regardless of whether n is even or odd, the ring J%d, i+i .g d , with its 
maximal symmetry group Gd„ +1 is isomorphic, as a Frobenius algebra, to the Milnor ring 
£ x „ y+ ,2 of D T n+l =x"y+y 2 . 

Regardless of whether n is even or odd, the maximal Abelian symmetry group G : = 
Gd„+\ of D„ + i = x" + xy 2 is isomorphic to Z/2nZ. It is generated by (f -2 ,^ 1 ), with 
f = exp(2ni/2n). We have J = A" +l . If n is even, then J generates the entire group G, 
but if n is odd, it generates a subgroup of index 2 in G. The case of D n+ \ with n odd and 
with symmetry group (J) has already been treated in Subsection l5.2.4l 

Define 

e :=dxAdye H mid (C^, W^,Q), 
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e fl := 1 E H mid (C%, W%, Q) for < a < n or n < a < In,. 

After computing G-invariants, we find that the state space =^d„ +1 ,g is spanned by the ele- 
ments 



We have 



yeo,ei,e2, . . . ,e„-i,e„ + i,e„+2, . • .,*in-\ 



1 if n < a < In 




and 



iu if a — 

®t = \ (81) 
1 ' if0<a<2« 



[2=1 + 1 ifO<a<n 
deg w (e a )= ^ (82) 
— - 1 if n < a < 2n. 



For three-point correlators of the form (xi,^,^)?? 1 , with eac h %i in the /l a, -sector, the 
Dimension Axiom gives the selection rule 

3 

2d D, Hl = ^ deg^O:,-) 

which, using Equation (82}, gives 

3 

^ a; = 2nZ? — n + 1, 
i=i 

where B is the number of a -, greater than n. 

Similarly, we compute the degree of each of the line bundles in the D n+ \ -structure to be 

degflJ^D = 1 - B 

deg(|i? y |) = R + B - 3, (83) 

where R is the number of Ramond sectors Xj e H"" d (C^ , W^J, Q). A straightforward case- 
by-case analysis of the possible choices for B and /? shows that (up to reindexing) the only 
correlators that do not vanish for dimensional reasons are the following: 

(e„ +fl , e„+b, e n +i-a-b)Q 3 +1 with < a,b and a + b <n 
(ye , e„+i +fl , e 2 „- fl >^3 +1 with < a < n - 1 

(ye ,ye ,e„ + i>^ +1 = rjyeo,m = —=■ 

Using Equation ([83), we see that correlators of the first type are all concave and so are equal 
to 1 . Those of the second type can be computed using the composition axiom; specifically, 

the Index-Zero Axiom shows that the restriction of the virtual cycle [W QA (D„ +l ; A" +1+a , A" +1+a , A 2 "-", A 2 "- a )J 

to the boundary is -2 times the fundamental cycle. The Composition Axiom now shows 

that 

P* ((yeo,en^ a ,e2n- a )^'f i?' e °- ye ° = -2, 

which gives 

(ye , e„+ 1 +a , e 2n - a >^ 3 +1 = + 1 ■ (84) 
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Using these computations, it is now straightforward to check that, regardless of the choice 

of sign in Equation <E3), the map : £ x ,. y+y i = C[X, Y]/(X"- 1 Y,X"+2Y) (J^b„ +I ,c,*) 

defined by 



X 



e n +i+i for < i < n - 1 

X n e 

+2yeo for i = n - 1 and Y i-> — — = -—, 

e,_„+i for n < i < In — 1 



is an isomorphism of graded algebras. The pairing on =2 x „ v+> ,2 = C[X, Y]/(X" l Y,X" + 27) 
is given by 

(X 2 "- 2 ,1) Sd >.+> =-l/n, 
whereas the pairing on J%b M uG D +i i s easily seen to be given by 

<<KX 2 "- 2 ), 1>^»+' =(e„_i,e n+ i)^. =1. 

Since <p and the pairing both preserve the grading, we can rescale <p to be <p(X) = ae n+ 2 
and 0(F) = -a n e\/2 with cr 2 " -2 = — 1/n to obtain an isomorphism of graded Frobenius 
algebras: 

5.3.2. The mirror partner D 1 +1 of D„+\. The mirror partner of D n+ \ is the singularity 
D J n+l : = x n y + y 2 . In this subsection we show that the ring J$° d t ^ of D^ +1 with its maximal 
Abelian symmetry group is isomorphic, as a Frobenius algebra, to the Milnor ring J3d„ +i ■ 
Since we have already shown that the ring J%b„ + , with its maximal Abelian symmetry group 
is isomorphic to the Milnor ring of v this will complete the proof that, at least at the 
level of Frobenius algebras, Dj +1 is indeed the mirror partner of D n+ \ . 

For this singularity, the weights are q x = l/2n and q y — 1/2, and the central charge is 
c d t ^ — (n - I) In. If £ := exp(27r//2n), then the exponential grading operator is J — (£, 
The element J generates the maximal Abelian symmetry group (J) = Gw = Z/2nZ. 

Denote 

e := dxAdy e H"' id (C% W%, Q), 

e fl := 1 € H mid {C N j„, Wf«, Q) for < a < In. 

The Gw-invariant state space is = J%w,c w = e o> ei» 63, es, . . . , &2n-i)- As always, 
the we have 

n — 1 

deg^O^'eo) =c w = 2 — — 
2n 

Also, we have @f = a/2n for a e {0, . . . ,2n — 1} and 0:f = a/2 (mod 1), so the degree of 
any element x in the /"-sector is given as follows: 

a — 1 

deg H ,(^) = 2— — if a is odd and a € (0, 2n). 
2n 

For the genus-zero, three -point correlators (#1,^2, #3)^3 with homogeneous elements 
Hi e M'jh , the Dimension Axiom gives that the virtual cycle vanishes unless 

2t D\, = y \deg w (Xi). 



1 



This occurs precisely when 



^ a t = 2n + 1 - 71/?, (85) 



where denotes the number of a,- which are equal to 0, that is, the number of Ramond 
sectors. 
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Equation ( I85t shows that R e {0, 1,2). And a simple computation shows that the degree 
of the W-structure line bundle Jz? v is not integral if R = 1, so we have only the two cases 
of R = and R = 2. In the case of R = 2, Equation (l85l l shows that the only non-vanishing 
correlator is 

{e u x" 'e ,/ 'eo)^ = ?7,-»-'e„,x»-'e„ = --• 

In the case that R = we have deg(Jzf v ) = deg(«5^.) = -1, so by concavity, these correlators 
are all 1 . 

Now define a map <p : C[X,Y] * Jf D r +i by X ^> e 2;+ i and Y njc"" 1 ^. It is 

straightforward to check that is a graded surjective homomorphism with kernel (nX"~ l + 
Y 2 ,XY). So <f> defines an isomorphism of graded algebras 

The pairing on each of these algebras also respects the grading, and the two pairings differ 
by a constant multiple of 2n. So rescaling the homomorphism (p by X' i-> <x 2 'e2, + i and 
Y i— > «cr" _I y _I eo with <x 2 "~ 2 = l/2n makes an isomorphism of graded Frobenius algebras. 

This shows that is indeed a mirror partner to D„+i, and it completes the proof of 
Theorem ll.0.71 

6. ADE-HIERARCHIES AND THE GENERALIZED WlTTEN CONJECTURE 

The main motivation for Witten to introduce his equation was the following conjecture: 

Conjecture 6.0.1 (ADE-Integrable Hierarchy Conjecture). The total potential functions of 
the A, D, and E singularities with group {J) are T-functions of the corresponding A, D, and 
E integrable hierarchies. 

The A„-case has been established recently by Faber-Shadrin-Zvonkin [FSZ]. One of our 
main results is the resolution of Witten's integrable hierarchies conjecture for the D and E 
series. It turns out that Witten's conjecture needs a modification in the D n case for n odd. 
This modification is extremely interesting because it reveals a surprising role that mirror 
symmetry plays in integrable hierarchies. 

6.1. Overview of the Results on Integrable Hierarchies. Let's start from the ADE- 
hierarchies. As we mentioned in the introduction, there are two equivalent versions of 
ADE-integrable hierarchies — that of Drinfeld-Sokolov BPS! and that of Kac-Wakimoto 
BKWL The version directly relevant to us is the Kac-Wakimoto ADE-hierarchies because 
the following beautiful work of Frenkel-Givental-Milanov reduces the problem to an ex- 
plicit problem in Gromov-Witten theory. Let's describe their work. 

Let W be a nondegenerate quasi-homogeneous singularity and 0, (z < p) be the mono- 
mial basis of the Milnor ring with (f>\ = 1. Consider the miniversal deformation space C 
where a point X = (ti, . . . , z^) parameterizes the polynomial W + ti<p\ + h<pi ■ ■ ■ + t^^. We 
can assign a degree to f, such that the above perturbed polynomial has the degree one, i.e., 
deg(f,) = 1 - deg(0,). The tangent space carries an associative multiplication o and an 
Euler vector field E - deg(f,)3 /j with the unit e - It is more subtle to construct a 
metric. We can consider residue pairing 

(f,gh =Res x=0 y^ 8 ™^ 

using a holomorphic n-form u. A deep theorem of Saito [Sa] states that one can choose 
a primitive form u such that the induced metric is flat. Together, it defines a Frobenius 
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manifold structure on a neighborhood of zero of C. We should mention that there is no 
explicit formula for the primitive form in general. However, it is known that for ADE- 
singularities the primitive form can be chosen to be a constant multiple of standard volume 
form, i.e., c dx for A„ and cdx A dy for DE-series. 

Furthermore, one can define a potential function J?", playing the role of genus-zero 
Gromov-Witten theory with only primary fields. It is constructed as follows. We want 
to work in flat coordinates s, with the property that deg c (s,) = deg c (f,) and (sj,Sj) are 
constant. The flat coordinates depend on the flat connection of the metric and hence the 
primitive form. Its calculation is important and yet a difficult problem. Nevertheless, we 
know that the flat coordinates exist thanks to the work of Saito jSal . Then, consider the 
three-point correlator Cy* = (d Sj ,d s .,d St ) as a function near zero in C. We can integrate 
Cijk to obtain Here, we normalize J£" such that & has leading term of degree three. 
We can differentiate & by the Euler vector field. It has the property = (cw - 3)J?\ 
Namely, & is homogeneous of degree - 3. The last condition means that, in the Taylor 
expansion 

& = /ainu-..,^)— — 

we have a(n\, . . ., n^) + only when 2 «; - 2 n,-(l - deg c (s,-)) = £ deg c (s,-) = dw — 3. 
Note that the degree in the Frobenius manifold is different from that of the A-model. For 
example, the unit e has degree 1 instead of zero. The A-model degree is 1 minus the 
B-model degree. With this relation in mind, we will treat the insertion s, with degree 
1 - deg c (s,). Then, the above formula is precisely the selection rule of quantum singularity 
theory. 

It is known that the Frobenius manifold of a singularity is semisimple in the sense 
that the Frobenius algebra on 7^ at a generic point A is semisimple. On any semisimple 
Frobenius manifold, Givental constructed a formal Gromov-Witten potential function. We 
will only be interested in the case that the Frobenius manifold is the one corresponding to 
the miniversal deformation space of a quasi-homogenous singularity W. We denote it by 



'wjormal ~ ex P 



formal 



The construction of ^wjormai is complicated, but we only need its following formal prop- 
erties 

(1) : ^i orma i agrees with & for primitive fields, i.e., with no descendants. 

(2) : ^ & f orma i satisfies the same selection rule as a Gromov-Witten theory with C\ — 
and dimension cw- 

(3) : ^wjormai satisfies all the formal axioms of Gromov-Witten theory. 

The first property is obvious from the construction. The second property is a consequence 
of the fact that Sdwjormai satisfies the dilaton equation and Virasoro constraints. A funda- 
mental theorem of Frenkel-Givental-Milanov MGMMFGMl is 

Theorem 6.1.1. For ADE-singularities, ^wjormal w ® r-function of the corresponding Kac- 
Wakimoto ADE-hierarchies. 

Remark 6.1.2. Givental-Milanov first constructed a Hirota-type equation for Givental's 
formal total potential function. Later, Frenkel-Givental-Milanov proved that Givental- 
Milanov's Hirota equation is indeed the same as that of Kac-Wakimoto. 

Our main theorem is 
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Theorem 6.1.3. 

(1) : Except for D„ with n odd and D4, the total potential functions of DE-singularities 
with the group {J) are equal to the corresponding Givental formal Gromov-Witten 
potential functions up to a linear change of variables. 

(2) : < 2>D„,G ma , = @A 2 „-3,formai, up to a linear change of variables. 

(3) : For D T n = x"~ l y + y 2 (n > A), ^ j jCmov = 2>D n ,formah up to a linear change of 
variables. 

Using the theorem of Frenkel-Givental-Milanov, we obtain 
Corollary 6.1.4. 

(1) : Except for D n with n odd and D\, the total potential function of DE-singularities 
with the group (J) is a T-function of the corresponding Kac-Wakimoto hierarchies 
( and hence Drinfeld-Sokolov hierarchies). 

(2) : The total potential function of all D n - singularities for n > 4 with the maximal 
diagonal symmetry group is a T-function of the Am-?, Kac-Wakimoto hierarchies 
( and hence Drinfeld-Sokolov hierarchies). 

(3) : The total potential function ofD T n = x n ~ l y+y 2 (n > 4) with the maximal diagonal 
symmetry group is a T-function of the D n Kac-Wakimoto hierarchies (and hence 
Drinfeld-Sokolov hierarchies ). 

Remark 6.1.5. There is a technical issue in Givental's formal theory, as follows. For any 
semisimple point t of Saito's Frobenius manifold, he defined an ancestor potential s/ t . 
From this he obtains a descendant potential function @ = S,g/,, where S, is certain quan- 
tization of a symplectic transformation S , determined by the Frobenius manifold. Then, 
he showed 2) is independent of t. However, to compare with our A-model calculation, we 
need to expand Q) as formal power series at t = 0. Although 2) is expected to have a power 
series expansion at t = 0, we have been informed that a proof is not yet in the literature. 
Our strategy to avoid this problem is to show that (i) the A- and B-models have isomor- 
phic Frobenius manifolds, and (ii) in the ADE cases the ancestor functions of both models 
are completely determined by their respective Frobenius manifolds. Therefore, the A- and 
B-model have the same ancestor potentials and hence the same descendant potentials. 

Definition 6.1.6. An ancestor correlator is defined as 



Then, we define ancestor generating function ' (t) of our theory with these correlators 
similarly. 

Givental ancestor potential is defined for semisimple points t ^ 0. In the above defi- 
nition, t is only a formal variable. To be able to choose an actual value t + 0, we need 
to show that the ancestor correlator is convergent for that choice of t. This is done in the 
following lemma. 

Lemma 6.1.7. Choose a basis T' ofJf w ,c and write t = t{T l . For the simple (ADE) sin- 
gularities, the ancestor correlator (t/^cki), • • • , T/ n (a„))^' G (f) is a polynomial in the vari- 
ables ti. Furthermore, if li = •■• = /„ = 0, (i.e., if there are no ifz-classes) the ancestor 
correlator is also a polynomial in the variables a\,...,a n . 



k copies 



(T h (ai), ■ ■ ■ ,T,>„)>f c (f) = J^{T h ( ai ), ■ ■ ■ ,T ln (a n ),t^~i) 




k 
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Proof. Consider correlator {r\(ai), ■ ■ ■ ,T„(a„), T,,, • • • , Ti k ) g ' . The dimension condition 
is 

2((c H , - 3)(1 -g) + n + k) = Yf-k + de Sw «/) + Y degw Ti r 

i j 

This implies that 

Yp- - deg w Tj) = Y (2li + de ^ ai) ~ 2 «*» ~ 3)(1 - *) + n). 

i i 

Therefore, if we redefine deg'^, Tj :- 2 - deg w 7Y, the ancestor correlator is homogeneous 
of a fixed degree. When W is an ADE singularity, it is straightforward to check that 2 - 
deg w Tj j > 0. Hence, it must be a polynomial. The same argument implies the second 
case. □ 

This lemma shows that we can consider & t ' and srf t ' for a semisimple point t + 0. 

The proof of the main theorem depends on four key ingredients. The first ingredient is 
reconstruction theorem for the ADE-theory which shows that the two ancestor potentials 
are both determined by their corresponding Frobenius manifolds. The second step is to 
show that the Frobenius manifolds are completely determined by genus-zero, three-point 
correlators and certain explicit four-point correlators. The third ingredient is the Topo- 
logical Euler class axiom for Neveu-Schwarz sectors which enables us to compute all the 
three-point and required four-point correlators. The last ingredient is the mirror symmetry 
of ADE-singularities we proved in last section. The required modification in the D„ case 
when n is odd is transparent from mirror symmetry. 

6.2. Reconstruction Theorem. 

In this subsection, we will establish the reconstruction theorem simultaneously for 
ADE-quantum singularity theory and Givental's formal Gromov-Witten theory in the ADE 
case. We use the fact that: (i) both theories satisfy the formal axioms of Gromov-Witten 
theories; (ii) they both have the same selection rules; (iii) they both have isomorphic quan- 
tum rings up to a mirror transformation. The last fact has been established in the previous 
section. To simplify the notation, we state the theorem for the quantum singularity theory 
of the A-model. 

We start with the higher genus reconstruction using an idea of Faber-Shadrin-Zvonkine 
JFSZI. 

Theorem 6.2.1. If c < 1, then the ancestor potential function is uniquely determined by 
the genus-zero primary potential (i.e., without gravitational descendants). If c — 1, then 
the ancestor potential function is uniquely determined by its genus-zero and genus-one 
primary potentials. 

The proof of Theorem l6.2.1l is a direct consequence of the following two lemmas, using 
the Faber-Shadrin-Zvonkine reduction technique. For this argument we always assume 
thatc < 1. 

Lemma 6.2.2. Let a,- e J^ u g for all i e { 1 , . . . ,k) and let f5 be any product of if/ classes. If 
c < 1, then the integral ^ J3 ■ Aj n+k (ai, . . . ,a„, T ilt ■ ■ ■ , TQ vanishes ifdegfi < g for 
g > 1. Ifc — 1, then the above integral vanishes when deg/? < gfor g > 2. 

Proof. The integral j-^ ■ h™ n+k (a>\ , . , . , a„, T^, ■ ■ ■ , TQ does not vanish only if 

deg/3 = 3g-3+n + k-D, 
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where D = d(g - 1) + £ T l 7t . Recall that i y = 



Now we have the inequality: 



n+k 



n+k 



de g/ 3 = (3 - c)(g - 1) + - hr) = O - % 



1) + 2 (1 - c + c-i 7r ) 



(86) 



r=l 



>(3-c)Q> 



1) + (« + &)(! -c), 



where we used the fact that the degree shifting number l Jt < c. Hence if g > 2 we have 
deg/3 > g. If g — 1, then deg/3 > for c < 1, and deg/3 > for c = 1, where the equality 



The following lemma treats the integral for higher-degree if/ classes. It was proved in 
|FSZ|, where it was called g-reduction. 

Lemma 6.2.3. Let P be a monomial in the if/ and K-classes in of degree at least gfor 
g > I or at least 1 for g = 0. Then the class P can be represented by a linear combination 
of dual graphs, each of which has at least one edge. 

Proof of Theorem \6.2.1\ Take any correlators: 



The total degree of the i^-classes must either match the hypothesis of Lemma 16.2.21 or 
match the hypothesis of Lemma 16.2.31 If the total degree is small, then it vanishes by 
Lemma 16.2.21 If it is large, then the integral is changed to the integral over the boundary 
classes while decreasing the degree of the total integrated if/ or k classes. Applying the 
degeneration and composition laws, the genus of the moduli spaces involved will also 
decrease. It is easy to see that one can continue this process until the original integral 
is represented by a linear combination of integrals over moduli spaces of genus zero and 
genus one, without gravitational descendants. □ 

Remark 6.2.4. There is an alternative higher-genus reconstruction, using Teleman's recent 
announcement [Te | of a proof of Givental's conjecture IIGi21 . However, in the ADE-case 
the above argument is much simpler and achieves the same goal. 

The above theorem implies that all the ancestor correlators are determined by genus- 
zero ancestor correlators without if/ classes. On the B-model side, Givental's genus-zero 
generating function is equal to Saito's genus-zero generating function. Hence, it is well de- 
fined at t — 0. Furthermore, Lemma |6. 1 ,7l shows that both the A- and B-model genus-zero 
functions without descendants are polynomials and are defined over the entire Frobenius 
manifold. Finally, we observe that the genus-zero ancestor generating function is deter- 
mined by the ordinary genus-zero generating function (i.e., at t = 0). Therefore, it is 
enough to compare the ordinary genus zero generating functions. 

Next, we consider the reconstruction of genus-zero correlators using WDVV. 

Definition 6.2.5. We call a class y primitive if it cannot be written as y — y\ ★ yi for 

< deg c (y,) < deg c (y) (or, in the case of our A-model singularity theory, < deg w ,(y i ) < 
deg w (y)). 



holds if and only if i Yr - c for all t. 



□ 



(Tdi (a\) ■ ■•T dl (a n ), T h 




if/f ■ ■ • if/f^ n+k (ai , . . . , a„, T h , ■ ■ ■ , T k ). 



We have the following lemma. 
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Lemma 6.2.6 (Reconstruction Lemma). Any genus-zero k-point correlator of the form 
(yi, . . . ,yk-3, a,(3,s-k <p) Q can be rewritten as 

(yu ... , yk-3, a,j3,s~k <p) = S + (yi , . . . , yk-3, a,B,/3-k cf>) 

+ {yu-.-,yk-3,a*e,p,(f>) (87) 
- (yi,...,yt-3,ar*j8,s, <p) () , 

where S is a linear combination of genus-zero correlators with fewer than k insertions. 

Moreover, all the genus-zero k-point correlators (yi, . . . ,yk} are uniquely determined 
by the pairing, by the three-point correlators, and by correlators of the form {ce\, . . . , aw -2, ak>-\,ak') t 
for k' < k, and such that a; primitive for all i < k' — 2. 

Proof. Choose a basis {6j} such that So — s ★ <p and let <5J be the dual basis with respect to 
the pairing (i.e., (5,, 5') = tfy). Using WDVV and the definition of the multiplication ★, 
we have the formula 

(yi, . . . , yk-3, a,/3, s ★ <p) Q ={y\, y k - 3 , a, {3, s ★ ^>) (S' () , s, (p) {) 

= 2 ^(7ieha,s,Se) {S' e ,(f>,f3,yj e j) 

k-3=IUJ I 

k-3=IUJ I 

All of the terms on the right-hand side are k' -point correlators with k! < k except 

(7i<k-3, a, s, 6c) G (6' c , 4>,{3} Q + ^ (a, e, 6 t ) (6' c , <p,f3, 7><£-3> 

e c 

r./<*-3>o 

t 

= (7j<k-3, a, s, + (a ★ b, (f>,[3, yj<k-3)o - {a e, 4>, yj<k-3) G , 

as desired. This proves Equation (|87| |. 

Now, suppose that (yi, . . . ,y k ) is such that yt is not primitive, so y k — s ★ <p with e 
primitive. Applying Equation (l87l > shows that {y\, ■ ■ ■ ,y k ) can be rewritten as a linear 
combination of correlators S with fewer insertions plus three more terms 

(n» • • • » n)o = s +(7j<k-3,7k-2, s, 7k-i * 0> O 

+ (7j<k-3, yk-2 * S, y k -l,4>)o ~ (7j<k-3,7k-2 * yk-l,B, <f>) - 

Note that we have replaced yu-i, yk-i, yu in the original correlator by yk-2, s, <p in the first 
and third terms, and by yk-\,<p,7k-2 * e in the second term. So the first and third terms 
now have a primitive class e where there was originally yu-\- The second term has re- 
placed y^ by <p, which has lower degree. We repeat the above argument on the second term 
(7j<k-3, 7k-2 * s, y k _] , cf>) to show that the original correlator {y lt ... , y k -3,7k-z, 7k-\, 7k) 
can be rewritten in terms of correlators that are either shorter (k' < k) or which have re- 
placed one of the three classes yk-2,yk-\, or yk by a primitive class. 

Now move the primitive class into the set y,<A-3- Pick another non-primitive class and 
continue the induction. In this way, we can replace all the insertions by primitive classes 
except the last two. □ 

Definition 6.2.7. We call a correlator a basic correlator if it is of the form described in the 
previous lemma, that is, if all insertions are primitive but the last two. 
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For a basic correlator, we still have the dimension formula 

Y j deg c (a i ) = t + k-3. (88) 

i 

This gives the following lemmas. 

Lemma 6.2.8. If deg c (a) < c for all classes a and if P is the maximum complex degree 
of any primitive class, then all the genus-zero correlators are uniquely determined by the 
pairing and k-point correlators with 

1 + c 

k<2 + (89) 

l-P 

Proof. Let (a\, . . . ,a^-2, ak-i,a^) be a basic correlator, so 0,^-2'$ are primitive. Then, 
deg c (a,) < P for i < k - 2 and degc(a^-i),degc(ak) ^ c - By the dimension formula we 
have 

c + k - 3 < (k - 2)P + 2c. 



Lemma 6.2.9. All the genus-zero correlators for the A n , D„ + i,E^, £7, Eg and D , singu- 
larities, in either the A-model or the B-model, are uniquely determined by the pairing, the 
three-point correlators, and the four-point correlators. 

Proof. Since the pairing, the three-point correlators and the selection rules in the A-model 
and the B-model have been shown to be mirror, it suffices to prove the conclusion in the 
A-model side. 

Let P be the maximum complex degree of any primitive class. It is easy to obtain the 
data for these singularities: 



A n : P=4r. c=2^i. E(,;P=\,c={. 

" n+l ' n+l 3 ' 6 

E n : P = I t = I. E*:P=lc- U 



7 ' 3> 9' 8 • 3' ■ 

2n~ 



D n+ i(n even) : P = \, c = ^. D n+l (n odd) : P = ; 
D T ,. : P = V 1 , c = 2zl. 

n+l In ' n 



By formula d89l ), we know that: 

(1) k < 4 for A„, Ed, £7, Eg and D n+ \(n even) singularities; 

(2) k < 5 for D n+ i(n odd) and Z)J +1 singularities. 

For the singularities D„+i(" odd) and D r +1 , we need a more refined estimate. 
For the singularity D n+ \ (n odd), we have the isomorphism 

(■^b„ t i,{j), *) = ^d„ + i- 

Here ^d„ +1 is generated by { 1 , X, . . . , X"~ 1 , Y) and satisfies the relations nX"~ 1 + T 2 = and 
XY = Q.X and T are the only primitive forms, and they have complex degrees as follows. 

1 n-1 
deg c X= - ,deg c T = — — . 
n 2n 

The basic genus-zero, five-point correlators may have the form {X, Y, Y, a,/3)o. By the 
dimension formula ( l88l for k = 5, we have 

n-1 1 2n — 1 2n — 2 

deg a + deg CJ - c + 2 = > = 2c. 

n n n n 

This is impossible, since for any element a we have deg c (a) < c. Similarly we can rule out 

the existence of the basic 5-point functions of the form (X, X, X, a,/3)o and (X, X, Y, a,/3)o. 
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Therefore the only possible basic 5-point functions have the form (Y, Y, Y,a,/3)o- In this 
case, we have the degree formula 

3n + 1 

deg c a + deg c /3= 

Because of the fact that X ★ Y = 0, and for dimension reasons, a or B can't contain Y. So 
the only possible form of the basic five-point correlators are 

{Y,Y,Y,X\X 3J ¥-%, ;>0. 

Using formula d87l i with a — Y,B — X', e — X and (f> = X^^', we have 

(ZZZXKX^-^o 

=S + (Y, Y, YX,X^) + (Y, YX-k Y,X',X^~')q 

-(Y, Y,Y * X\ X^~', X)o 
=S 

This shows that any basic, genus-zero, five-point correlators can be uniquely determined 
by two-, three-, and four-point correlators. 

For the DjTj singularity, we have the isomorphism 

= ^d„ +1 = C[X, Y]l{nX"- 1 + Y 2 ,XY). 
and the degrees for the primitive classes X and Y 

1 n-l 
deg c X= - deg c F= — — . 
n 2n 

Hence the reduction from basic five-point correlators to the fewer-point correlators is ex- 
actly the same as for the singularity D n+ \ with n odd. □ 

The Reconstruction Lemma yields more detailed information for the basic correlators 
as well. 

Theorem 6.2.10. 

(1) All genus-zero correlators in the A„_i case for both our (A-model) and the Saito 
(B-model) theory are uniquely determined by the pairing, the three-point corre- 
lators and a single four-point correlator of the form (X, X, X"~ 2 ,X n ~ 2 ) , where 
X denotes the primitive class which is the image of x via the Frobenius algebra 
isomorphism from =2a„ = C[jc]/(x" _1 ). 

(2) All genus-zero correlators in the D n+ \ case of our (A-model) theory with maxi- 
mal symmetry group, and in the D T +1 case of the Saito (B-model), are uniquely 
determined by the pairing, the three-point correlators, and a single four-point 
correlator of the form: (X, X, X 2 "~ 2 ,X 2 "~ 2 ) Q . Again, X denotes the primitive class 
which is the image of x via the Frobenius algebra isomorphism from J3d„ + i — 
C[x,y]/(nx"- 1 +y 2 ,xy). 

(3) All genus-zero correlators in the D . case of our (A-model) theory, in the D n+ \ 
case of our theory with n odd and symmetry group (J), and in the D n+ \ case 
of the Saito (B-model) theory are uniquely determined by the pairing, the three- 
point correlators, and four-point correlators of the form (X, X, X n ~ l ,X"~ 2 ) Q and 
(X, X, Y, X 2 ) Q . The second of these occurs only in the case that n — 3. Here X and 
Y denote the primitive classes which are the images of x and y, respectively, via 
the Frobenius algebra isomorphism from &d\ 1 = C[x,y]/(x" _1 y, x n + 2y). 
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(4) In the E(, case of our theory (A-model) with maximal symmetry group, and in the 
E(, case of the Saito (B-model) theory, all genus-zero correlators are uniquely de- 
termined by the pairing, the three-point correlators, and the correlators (Y, Y, Y 2 ,XY 2 ) Q 
and (X,X,XY,XY) Q . Here X and Y denote the primitive classes which are the 
images of x and y, respectively, via the Frobenius algebra isomorphism from 
£ E6 =C[x,y]/(x 2 ,y 3 ). 

(5) In the Ej-case of our theory (A-model) with maximal symmetry group, and in the 
Ei case of the Saito (B-model) theory, all genus-zero correlators are uniquely de- 
termined by the pairing, the three-point correlators, and the correlators (X, X, X 2 , XY)„, 
(X, Y,X 2 ,X 2 ) Q , and (Y, Y, XY,X 2 Y) Q . Here X and Y denote the primitive classes 
which are the images of x and y, respectively, via tlie Frobenius algebra isomor- 
phism from J2e 7 = C[x,y]/(3x 2 + y 3 ,xy 2 ). 

(6) In the E^-case of our theory (A-model) with maximal symmetry group, and in the 
£g Saito (B-model) theory, all genus-zero correlators are uniquely determined by 
the pairing, the three-point correlators, and by the correlators (Y, Y, Y 3 ,XY 3 ) Q , 
and {X,X,X,XY^) {) . Here X and Y denote the primitive classes which are the 
images of x and y, respectively, via the Frobenius algebra isomorphism from 
^ =C[x,y]/(x 2 ,y 4 ). 

Proof. Applying Lemma 16.2.91 all genus zero correlators are uniquely determined by the 
pairing, three- or four-point correlators. Let's study the genus zero four-point correlators 
in more detail. 

In the A„_i case, X is the only ring generator, and hence the only primitive class. It has 
deg c X = l/(« + 1). A dimension count shows that the only four-point correlator of the 
form (X, X, a,B} is (X, X, X"~ 2 , X"-\. 

A similar argument shows that in the D n+ \ A-model with the maximal symmetry group 
and D^ +] B-model cases the only basic four-point correlator is (X, X, X 2 "~ 2 , X 2 "~ 2 ) Q . 

In the case of the Z)J +1 A-model, and for the D„+i A-model for n odd with symmetry 
group /, and for the D n+ \ B-model, the central charges are the same, c = — , and all have 
only two primitive classes X and Y with the same degrees 

1 n- 1 

deg c X = -, deg c Y = — — . 
n 2n 

Hence the basic four-point correlators are the same for the three cases. Let's consider the 
case D n+ \ A-model for n odd with symmetry group J. There are several cases for the form 
of the basic four-point correlators: 

Case A: form (X, X, a,B) Q . The dimension formula shows that deg c a + deg c B = ^2=2, So 

the only possibility is (X, X, X n ~\ X"- 2 ) Q . 
Case B: form (X, Y,a,B) Q . By the dimension formula, we have deg c a + deg c B — ^2=2. 

There are two cases: 

Case Bl: a,B don'tcontain Y. Then the correlator has the form (X, Y,X',X') Q for /' > 1. 
Setting a = Y,B = X\ s = X 7 ' -1 , <p = X in formula J87t . we have 

{X, Y,X\X\ = S + (X, Y,X j - l ,X i+l ) 

+ (X,Y* X j ~ l , X 1 , X) -(X,Y-k T, X 1 ' 1 , X) 

= S + (X, Y,X j -\X i+ \ = ■ ■ ■ = S + (X, Y,X,X k ) Q . 

The dimension formula shows that the only four-point correlator (X, Y, X, X') 
does not vanish only if n = 3 and in this case i = 2. 
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Case B2: a,/3 contain Y. In this case, (X, Y,a,(3) Q has the form (Y, Y,X,/3) which can 
be included in the following Case C. 
Case C: form (Y, Y, a,/3) Q . We have the degree formula deg c a + deg cy 6 = 1 . There are two 
cases: 

Case CI: a, (5 don't contain Y. We have the form (Y, Y,X',X j ) Q with j > 1. Let a = 
Y,/3 = X', s = X j -\cf) = Xm the formula d87}; we obtain 

(Y, Y,X\X\ - S + (Y, Y,X j - l ,X i+l ) 

+ (Y, Y ★ X h \ X 1 , X) -(YY-k X 1 , X j -\ X) 

= S +{Y, Y,X } ~\X M ) = -.. = S + {Y, Y,X,X"-\. 

Now 

( Y, Y, X, X"- 1 ) = {X, Y, Y, X"- 1 > 
= S + (X,Y,X,Y-kX"-\ 
+ (X,X-k Y, Y, X n ~ 2 ) {) - (X, Y 2 , X"~ 2 ,X) 

= s. 

Case C2: a,/3 contain Y. The basic correlator has the form {Y, Y, l^X 2 ^)^ Similarly, 
we have 

(Y, Y, Y, X^ ) Q = S + (Y, Y,X,Y + x' 2 ^ ) 

+ (YY * X,Y,X^) () - (Y,Y 2 ,X^,X) 
= 5. 

In summary, if n > 3, then the basic four-point correlator is only (X, X, X"~ l ,X"~ 2 ) ; if 
n — 3, then the basic four-point correlators are (X, X, X 2 ,X) Q and (X, Y,X,X 2 ) Q . 

In the E(, case, the primitive classes are X, Y. The dimension condition shows that the 
only four-point correlators with two primitive insertions are 

{Y,Y,Y 2 ,XY 2 ) , (X,X,X,XY 2 ) , (X,X,XY,XY) . 

Applying Equation ([83 and the fact that X 2 = 0, we can reduce (X, X, X, XY 2 ) to (X, X, XY, XY) f 

In the E-i case, the primitive classes are X and Y with deg c X — 1/3, deg c Y = 2/9 and 
and c = 8/9. The dimension condition shows that the only basic four-point correlators are 

(X,X,X 2 ,XY) Q , (X,X,X,X 2 Y) Q , (X,Y,X 2 ,X 2 ) Q , (X, Y, Y 2 ,X 2 Y) Q , (Y, Y, XY, X 2 Y) Q . 

We can use Equation (l87T i to further reduce (X, X, X, X 2 Y) Q to the remaining four, and to 
reduce (X, Y, Y 2 ,X 2 Y) Q = (Y,X, Y 2 ,X 2 Y) Q to (Y, Y,XY,X 2 Y) . 

Finally, in the £g case, a dimension count shows that the only basic four-point correla- 
tors are 

(X, X, X, XY 3 ) Q , (X, X, XY, XY 2 ) Q , (Y, Y, Y 3 ,XY 3 ) Q . 

Again Equation dST} shows that (X, X, XY, XY\ can be expressed in terms of (X, X, X, XY 3 ) Q . 

□ 

6.3. Computation of the basic four-point correlators in the A-model. 
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6.3. 1 . Computing classes in complex codimension one. 

Definition 6.3.1. Let Tg^w denote the set of all single-edged W-graphs in genus g with k 
tails decorated by elements of ,3%w- We require each graph F in T g ^,w to have a choice of 
group element yr e G (or rather a pair (yr, Yr )) attached to the edge. Two graphs which 
have different labelings on the edge will be considered distinct in T g ^w even if they are 
otherwise identical. However, if an automorphism of the graph preserves all the tails but 
interchanges the halves of the edge, it will also interchange the labelings yr and y~ l . In 
this case we will identify these two labeled graphs in T g ^w 

Similarly, let T g ^,w(7i > • ■ • . 7k) denote the subset of r gt k,w consisting of single-edged 
decorated W-graphs with the jth tail decorated by y, for each i s {1, . . . , k}. 

For any graph F e Tg^w, we denote the underlying undecorated graph by |F| and the 
closure in ^(gjt, of the locus of stable curves with dual graph |F| by . // (|F|). Finally, denote 
the Poincare dual of this locus by [3#(|r|)] 6 H*(1W g , k , C). 

Remark 6.3.2. In genus zero the local group at an edge is completely determined by the 
local group at each of the tails. 

Theorem 6.3.3. Assume the W -structure is concave (that is n t ((J)' =1 -2/) = 0) with all 
marks Neveu-Schwarz. If the ith mark is labeled with group element y,-, and if the com- 
plex codimension D is 1, then the class Aj t (e 7l , . . . ,e r( ) 6 H*(^JK g ^, C) is given by the 
following: 

a >> ^-Sd-f^-Ks-i^ 1 - 8 ?)* 

Z (A4er<i-0r>)pOT] 



+ 

rer s-fcw (y 1 ,...,y i ) 



(90) 



Proof. The proof follows from the orbifold Grothendieck-Riemann-Roch (oGRR) theorem 
BTol . After we finished this paper, we became aware of an elegant alternative treatment of 
this type of problem by Choido BCh31 . We now review the oGRR theorem in the case we 
are interested in, namely, orbicurves. For more details on oGRR, see iTTsl Appendix A]. 

For any ^-pointed family of stable orbicurves — T,cri,.,., crk) over a scheme 
T, with VK-structure (Jz?i, . . . , Jf N , </>\,..., <p s ), if the W-structure has type y = (yi, . . . , yt) 
then the inertia stack /\ — TJ^ec %.g) consists of the following sectors: 

k n-l rr-l 

/\^ = ^ujJ[J^)u ] ( JJiTr(y r ). 

i=l j=i reT sAW (y) j=\ 

Here r, is the order of the element y, and rp is the order of the element yr. Also, ^(y 7 ) := 
S^i is the z'th gerbe-section of n, that is, the image of cr, with the orbifold structure inherited 
from % The notation ^(y?) just indicates that this is part of the y^-sector of f\ % Simi- 
larly, £r(y J r ) '■= %r is the locus of nodes in 'io with dual graph F lying in the yp-sector. As 
in the case of marks, the nodal sector J??- should be given the orbifold structure it inherits 
from . 

Let v : f\ c (o >- ^ denote the obvious union of inclusions. Furthermore, let In : 

A c & >► T denote the composition In = n o v. And let p : K(f\ tf) ► K(f\ c g) <g> C 
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denote the Atiyah-Segal decomposition 

p(E) = ^E^, 

I 

where for each sector c ^ y ) the sum runs over eigenvalues f of the action of y on E, and E y ^ 
denotes the eigenbundle of E where y acts as (. 
Define 

Ch = Ch o p o v* : K{^) H* (f\ tf, c) 

and 

r d(E) := Td «"™ . 

Ch(poA^(Z m (v*E) ( y) 
The oGRR theorem states that for any bundle E on c € we have 

Cfi(Rn*E) = In*(Ch(E)Td(T n )) 



Writing this out explicitly for one of the W-structure bundles J??f on our W-curve ' 
we have 



(91) 
T - T 



k n-\ 

= n t (Ch(3? ( )Td(T w )) + J] Z 

<=1 7=1 



rr-1 



z z- 

rer s , fc iv(7) j=i 



exp ^27r;'0j' c\ (v*^£i) j 
(1 -exp(27r/j^ci(L'*yr))) 

exp^i©fci(u*J^)j 



(1 - exp(2mWci(f*^)))(l - exp(-2m;^fCi(i»*yr))) 



(92) 



For our present purposes, we need only compute the codimension-one part of this sum. 
Denote the first Chern class of on H by L(. Note that because Jzff is part of the W- 
structure, and because the singularity is nondegenerate (so the matrix B has maximal rank), 
we have 

L t = ci(iff) = q t K\ og . 

Copying Mumford's argument given in BMul §5], one computes that the codimension- 
one part of the untwisted sector contribution to this sum is 



7T, 



L 2 t /2-L e K/2 + K 2 /l2 + -L J] Ml) 

where ir is the inclusion into H of the nodes corresponding to the edge of F. 

For each sector ^(yj), the induced map 7r« is just 70"*; therefore, on these sectors we 



have 



n t L( = —o-jLe = — cr- A log = 0. 
n n 



Now y, acts on the canonical bundle K at the mark by multiplication by : = exp(27n'/ r,), 
and it acts on Jzff at =5^ by exp(27r/©^') = for a, := r©p e [0, r,) n Z. Expanding the 
denominator in Equation j92l , one sees that the codimension-one part of the contribution 
from the marks is 



k n-i Aai+\)j 

YY — — - 



(93) 
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Similarly, letting £r := exp(2ni/rt) and choosing ap := rr& y e r e [0, rr) n Z so that 



exp(27r/©^ r ), one sees that the contribution to Equation < f92b from the nodes is 



r r - 1 _Aa r +l)j 

y y - - g.(/r*(i)) 

TeT s , k , w (y) j=l K 1 Sr' 



(94) 



A long but elementary computation shows that for any primitive rth root £ of unity and 
any a e [0, r) n Z, we have0 



^ 1-r 2 1 

> : — T - = 1 — a(r — a). 

j-i (1 - 12 2 



(95) 



Using the definition ki = n*ci{K\ 0S ) = n^cxiK) — Yn=i tyu together with Equation ((95} 
and the fact that a,/r,- = ®Z' and ap/^r = ®V , we now have 



2 2 12 



-Z£+ Z 



12 



2 fi 

,2 2 + 12 



12 ^ 12 

<=i rer s .i,H-o) 



— - 1 + 60^(1 - ©p r ) 1 7r»ir*(l) 



+ Z rr 

rer s ,i-,n/(7) 



1 1 
12 ~ 2 



1=1 x ' 



where the last equality follows from the fact that ipi = ^i/fi and 77\,z"r*(l) = L#(r)l /rr. 
Finally, in the concave case, we have n,(J?f), so pushing down to j# H \ gives 



1 N 

— Vjf.Cl(-J? 1 ff.J%) 



deg(sf) 



+ Z (^-V<i-er>)F«iri>] . 



since k\ and ^ on .^ g xw are equal to the pullbacks st*K\ and sf respectively, and 
[W(T)] = p(|r|)] /r r . □ 



*We would like to thank H. Tracy Hall for showing us this relation. 
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Figure 1. The graph Fi e T 0AEl (J 2 , J 4 , J 1 , J 7 ). 



6.3.2. Four-point correlators for E7. Now we compute the genus-zero four-point corre- 
lators for £7 with symmetry group Ge 7 - (J). We will continue to use the notation of 
Subsection 12221 By Theorem 16 . 2 . 1 01 we need only compute the following correlators to 
completely determine the Frobenius manifold, and thereby the entire cohomological field 
theory: 

(Y, Y XY, X 2 F>„ 7 , (X, Y, X 2 , X 2 )^ , (X, Y, Y 2 , X 2 Y)f ) 1 , (X, X, X 2 , XY)^ 

We use the identification of X, Y with the A-model classes from last section. To simplify 
the notation, we choose a - I instead of a 8 = |. Later, we will re-scale the primitive form 
to take care of discrapency between the pairing. These correspond to the correlators 

(e 2 ,e 5 ,e5,e 8 >o 7 , <e 4 ,e4,e 5 ,e 7 >o 7 , (+3y 2 e ,e5,e7,e 8 >o 7 , (e 2 ,e4,e 7 ,e 7 }o 7 . 

Three of these are concave and have only Neveu-Schwarz markings, so we may use Theo- 
rem l6.3.3l to compute them. To apply that theorem, we need to use the fact that 

f k x = f <fc= f_ p(|r|)] = i 

for every i e {1, . . . ,4} and every graph T e ro,4. We also need to compute the group 
element yr for each of the four-pointed, genus-zero, decorated W-graphs. This is uniquely 
determined by the fact that the sum of the powers of J on each three-point correlator must 
be congruent to 1 mod 9. We will work out the details in the case of (ea, C4, Ct, — the 
others are computed in a similar manner. 

There are three graphs in Tq^e 7 (J 2 , J 4 , J 1 , J 1 )', the first we will denote by Ti and is 
depicted in Figure I6T3. 21 The edge of Ti is labeled with yr, = J 4 - The other two graphs 
are both decorated as in Figure W.3. 21 We will abuse notation and denote both of them by 
F 2 and simply count the contribution of F 2 twice. The edge of T 2 is labeled with yr 2 = J. 
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T 4 




Figure 2. The graph F2. Two of the three graphs in Tq,^ (J 2 , J 4 , J 1 , J 1 ) 
are decorated as in this figure. 



Now, it is easy to check that the degree of 5£ x is -1, so R l 7T*Jit? x = and this will not 
contribute to the correlator. We have 



(X,X,X 2 ,XY) 



,(e2,e 4 ,e 7 ,e 7 ) 



[q] 


q y 


1 ) 

+ n) 


2 


2 




1 

~ 2 




(I" 


Qy 
2 J 





.v/ 4 



- (1<(1 - <)) - 2 (1 - ©f )) 

4 2 \ /l 4 5\ /l 8 1\ II 5 4 
2 _ 81 ~2~9j + \2"9 ' 9/ + \2 9 '9/ + \2 ' 9 ' 9 



2 9 9/ \2 9 9 



A similar computation shows that 



(F, F, XT, X 2 F) ( f = ^ and (X, F, X 2 , X^ 7 = - '- 



rT. \r2\E-j 



6.3.3. Four-point correlators for By Theorem l6.2. 101 we need only compute the cor- 
relators (Y,Y,Y 2 ,XY 2 )q 6 and (X, X, XY, XY)^ . Here, again, we choose a = 1. These 
correspond to the correlators (do, eio, ej, eii}^ 6 and (es, es, e2, ^i)q 6 - 



The correlators in question are easily seen to be concave. Applying Theorem l6.3.3l in a 
manner similar to the previous computations, we find that 

(Y,Y,Y 2 ,XYX 6 = <eio,ei ,e 7 ,eii>J ! = - 



and 



{X,X,XY,XY)l 6 = (e 5 ,e 5 ,e2,e 2 )^ = -. 



i 
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Figure 3. The graph Ti e T 0A ,d„ +1 (J 3 , A J"' 1 ,^' 3 ). 

6.3.4. Four-point correlators for Eg. By Theorem l6.2. lOl we need only compute the corre- 
lators {Y, Y, Y 3 ,XY 3 ) and (X, X,X, XY 3 ) Q with a = 1. These correspond to the correlators 
<e7,e 7 ,e 4 ,ei4> and (en,eii,eii,ei 4 ) . 

The correlators in question are easily seen to be concave. Applying Theorem |6.3.3| in a 
manner similar to the previous computations, we find that 

(Y,Y,Y\XYX S = (e7,e 7 ,e 4 ,ei4)o 8 = j 



and 



(X,X,X,XY 3 ) E Q * = (eu,e n ,eu,eu>f = ^ 



6.3.5. Four-point correlators for D n+ \ with n odd and symmetry group (J). Next consider 
the case of D n+ \ for n odd with symmetry group (/). We will use the notation of Subsec- 
tion l5.2.4l but with <x = 1 instead. By Theorem l6 . 2 . 1 01 we need only compute the correlator 

{X,X,X n -\X n - 2 )°'* i = <e 3 ,e3,-2er',-2er 2 )o" +1 - 

To apply Theorem l6 . 3 . 3 1 we need only compute the group element acting at the node over 
the three boundary graphs. 

There are three graphs in ro, 4i D„ +l (e3,e3,e„_i,e„_3). The first we will denote by Fi and 
it is depicted in Figure[3] The edge of Fi is labeled with yp, = J" for a — n - 5, assuming 
n > 3. This gives 

0^(1-0?) = ^^ and 0^(1-0^) = ^- 
n L 4n z 

The other two graphs are both decorated as in Figure |4] We will abuse notation and 
denote both of them by F2 and simply count the contribution of Y2 twice. The edge of Y2 
is labeled with yr 2 - This gives 

1 . „Vr„ „yr_, n^ — 1 



®l r > (1 - ©^) = _- and 0^ ( 1 - 0f ) 



4n 2 



Putting these into Equation ( |90l gives 

(e3,e3,e^ 1 ,er 2 >o" +1 = 1/n, and {X,X,X n ~ l ,X n ~ 2 )^ = l/n. 



In the case of n — 3 we have to compute the correlators (X, X, X , X) Q 4 = (xe?,, xe3, e2/6, xe3) 
and (X, X, Y, X 2 )® 4 = (xe-j, xe3,yeo, e2/6)? 4 . Unfortunately, because of the Ramond sec- 
tors, we cannot use the standard tools for computing these correlators. 
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,n-l 



y r =j 



(n-l 




n-3 



Figure 4. The graph Tj- Two of the three graphs in 
ro,4,D„ +1 (-/ 3 , J 3 , J"~ l ,J n ~ 3 ) are decorated as in this figure. 



6.3.6. Four-point correlators for D„ + i with maximal symmetry group. By Theorem l6.2.10l 
we need only compute the correlator (X, X, X 2n ~ 2 , X 2 "~ 2 }®" +1 . Here, we use the correspond- 
ing notation from Section[5]with a — 1 . This corresponds to the correlator (e„+2, e n +2, e„_i , e„. 

By Equation (fTTI i we compute that the degrees of the structure bundles are deg(| JifJ) = 
-2 and deg(|^f v |) = -1. This shows that the correlator is concave and that R l n t ^f y = 0, so 
the y terms makes no contribution to that correlator. 

To apply Theorem |6.3.3| we need to know (using Equation ( l80l l) that 



2/n and 



I'- 



ll— \ /n. 



We also need to compute the contribution of the different boundary (nodal) terms. It is 



easy to check, in the same manner as we did in the case of (ez, 67,67)?*, that there is 
one graph T\ with 0^ 1 = (n - 3)/n and two copies of a graph F2 with 
By Theorem l6.3.3l we have 



Yr 2 



<e„ + 2,e„+2,e„-i,e„-i)o" +1 = I A^° +I (e n+ 2,e„ + 2,e„-i,e n _i) 

J ^#0,4 

2\> 2 n> J-j? aA J^o,4 

4 

£ 0?d-0?) f_ pT(in)] 

rer ,4, £7 (e„ +2 ,e„ +2 ,e„_, ,e„_, ) J ^o,4 

1/1 1 2«-2 In- 1 3n-3\ 1 
= -[—--+2 +2— 



2\n 2 n n n n n n n 



This gives 



(X,X,X 2n 2 ,X 2 " 2 )q" +1 — (e K+ 2, e w+ 2, e„_i, e n _i) " +1 



6.3.7. Four-point correlators for D T n+y By Theorem 16.2.101 we need only compute the 
correlator (X, X, X n - 1 ,X n ~ 2 )^ . Here, we choose cr = 1 . This corresponds to the correlator 

<e3,e3,e2„-i,e2„-3>„" +1 - 

A now-familiar computation shows that the correlator in question is concave (and all 
markings are Neveu-Schwarz), so we may apply Theorem l6.3.3l Applying that theorem in 
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a manner similar to the previous computations, we find that 

(X,X,X"-\X"- 2 }^ = <e3,e 3 ,e2 ;i -i,e 2;i -3>o" +1 = 

6.4. Computation of the basic four-point correlators in the B-model. The primary po- 
tentials on Saito's Frobenius manifolds of the A, D, E singularities have been computed 
by a variety of computational methods (see BDV1 INY1 IWi21 IKTSII and etc.). However, 
these results are scattered in different papers and are difficult to follow. For the reader's 
convenience, we present explicit computations of the basic four-point correlators using the 
Noumi-Yamada formula for the flat coordinates of the A, D, and E singularities INofl lNYl . 
Recall that the primitive forms for the ADE-singularities are C dx for A„-case and C dxAdy 
for the DE-cases. The calculation of the flat coordinates does not depend on the leading 
constant C, but the pairing and potential function will be re-scaled by C. 

6.4.1. The Noumi-Yamada formula for flat coordinates. To write the Noumi-Yamada for- 
mula for the flat coordinates, we must first make several definitions. 

Definition 6.4.1. Let JV be the following set of exponents for a monomial basis of the 
Milnor ring J2w'- 



J/ :-- 



For each v e JV we let <p v = x v be the corresponding monomial in J2w- Recall that a 
miniversal deformation of W is a family of polynomials Wa — W + YivejT tv<Pv- We want 
to find flat coordinates {s v } with the property (s v , s v ) = 6 VV . One can formally write s v in 
terms of power series in t v . One special property of the simple singularities is that the s v 
are always a polynomial, but this is not true for general singularities. 

Definition 6.4.2. For W e C[x\ , . . . , x^] quasi-homogeneous, with the weight of each 
variable Xi equal to q t , and for any v e jV we define the weight of s v to be 

o-y := wtO v ) := 1 - 2j = ^ N viqi- 

i 

For any a e we define the weight of a to be 

wt(or) := (a,o~) := a v o- v 

V€JV 

We also define a mapping 

{(a) := va v 6 N N . 

Theorem 6.4.3. (See flNYl Thm 1.1]) The formula for the flat coordinates for the simple 

N i 



{veN:0<v<n-l} 




if W 


— A n 


{(vj,0) eN 2 : < vi <n- 


2}U{(0,l)i 


if W 


= D„ 


{(vi,v 2 ) e N 2 : < vi < 2, 


< v 2 < 1} 


if W 


= £ 6 


{(vi,v 2 ) e N 2 : < vi < 2, 


< v 2 < 1} U{0,2} 


if W 


= £7 


j(vi,v 2 ) e N 2 : < vi < 3, 


< v 2 < 1} 


if W 


= £ 8 



singularities with primitive form /\f =l dxi is as follows: 



s v = t 5 vfi + V c v {£{a))— (96) 

{(T,a)-(T V 

where the function c v : N* » C is given below. 
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Case (A„) For any v € Jf = {0, 1, • ■ • ,n - 1} let L(v) : = {a e N : a = v mod in + 1)} = 
{v + kin + 1) : k > 0}. Define 

cM) =\^f& if a eLiv) 
v |0 otherwise, 

where (z; k) : = T(z + fc)/F(z) denotes the shifted factorial function. 
Case(D„) For any v € JY let Uy) := N 2 n (v + span{(n - 1,0), (1,2)}) 
= {(vi + k\in - 1) + ki, V2 + 2k2 : k% > 0, k\ > -(vi + fe)/(« - 1)} ■ Now define 



Cyia) :-- 



( { _ l)kl+k2i v£ _ 0_. kl)C _2±l. k2) if a e i(y) 
1 otherwise, 



where (z; A;) := T(z + fc)/T(z) denotes the shifted factorial function. 
Case (E 6 ) For any v e =yT = {(vi,v 2 ) : vi = 0, 1,2, v 2 = 0, 1} let L(v) := {(ai,ar 2 ) 

a\ = vi mod 4, a 2 = v 2 mod 3} = {(vj + 4fe] , v 2 + 3fc 2 ) : ^i , fc 2 > 0}. Now define 



g m2 



c v (a) := 



((-D^'^H^^iX^;^) ifaeL(v) 
otherwise, 



where (z; fc) := F(z + fc)/T(z) denotes the shifted factorial function. 
Case (£ 7 ) For any v e ^ let L(v) := N 2 nspan{(3,0),(l,3)} = {(n +3fei +fe 2 ,y 2 + 3fe 2 );fe 2 > 
0, fci > -(v 2 + fei)/3}. Now define 



Cyia) :-- 



[ ( _1)*i + *2 ( il±1; _ n±i ;fe2 ) for a 6 L(v) 

1 otherwise, 



where (z; k) := T(z + fc)/T(z) denotes the shifted factorial function. 
Case (E 8 ) For any v e JV = {(vi,v 2 );vi = 0, 1,2,3; v 2 = 0, l}letL(vi,v 2 ) = [(a u a 2 ) e N 2 
ari = vi mod5,Q' 2 sv 2 mod 3} = {(vi + 5ki, v 2 + 3fe 2 ); fei, fe 2 > 0) Now define 

c ia) ■= \^ k>+k2 ^ k ^ V - 2 T-'^ if a 6 L W 
(0 otherwise, 

where (z; k) := F(z + k)/T(z) denotes the shifted factorial function. 



6.4.2. Four-point correlators for Ej. We start with the primitive form dxhdy = dx\ Adx 2 . 
Assume that the deformation of £ 7 is given by 

W = x\ + x\x\ + t\x\x 2 + hx\ + ?4Xix 2 + tsx\ + t$x\ + f 7 x 2 + tg. 

Then the flat coordinates s and t have the asymptotic expansion formula (to 2nd order): 

h = s\ t 3 = s 3 

t 4 = S 4 + |i 3 5l t 5 = S 5 

t6 = S 6 + U 5 Si + ^sj f 7 = S-j + ^S 6 Si + ±S 4 S 3 
t 9 = S 9 + yS 6 S2 + 3J5J4. 

To compute the four-point correlators, we first use the residue formula computing the 
three-point correlators of the deformed chiral ring and then take the possible first order 
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derivatives with respect to the flat coordinates. We have 

2 1 4 1 
0\, W -3x, + X, + 2iiXiX2 + 2i3Xi + (54 H 5ii3)X2 + 56 H S5S1 

9 3 
2 2 4 11 

=3xiX 2 + iiX; + (54 + — iii3)xi + 2igX2 + 57 + — 56*1 + g s 4 s 3 

Hess(W) =36x^X2 - 9x A 2 + lower order terms 

=63x^X2 + lower order terms or -2\x\ + lower order terms 
# w :=Hess(W)/7 

=9xjX2 + lower order terms or - 3x\ + lower order terms 

Let Cyt(j) := Res,(fE, f|, §f ). Then 

Cijk(s) = — ///w mod Jac w . 

\ 05/ Oij Oijt / 

For example, C99i(0) = x^X2 ■ 1 • 1/9xjX2 = 1/9. All the possible three-point correlators 
can be obtained below: 

C 99 i(0) = 1/9 C 946 (0) = 1/9 C 577 (0) = -1/3 
C 559 (0) = -l/3 C 667 (0) = l/9 C 937 (0)=l/9. 

Now, we change primitive form from dx\ A iix2 to 9dx\ A dx^. This rescales the pairing 
and entire potential function by 9. The cubic term of the primary potential function is 

Recall that the ring structure with current rescaled pairing has already been proved to be 
isomorphic to the quantum ring in the A-model; and moreover the three-point correlators 
in the B-model and the A-model are identical. 

Using the isomorphism of the ring structure, we make the following identification be- 
tween the basic four-point correlators in the A-model and those in the B-model: 

(X,X,X 2 ,XY) < > 5^3 54 

(X,Y,X 2 ,X 2 ) <— > s 6Sl sl 
(Y,Y,XY,X 2 Y) < — > 5^5451. 
We have the formula for the four-point correlators 



d_ 

^ 1' ikl — ~. i ik 

dsi 



s=0 



Now it is easy to obtain 

C 66 34 = -1/9, C 6733 = 1/9, and C 774 i = -1/3. 
The part of the fourth-order term of the primary potential we need is 

F 4 = 53545^ - -Si S^£j + -T7j53565 7 . 

to O 18 

The computation here coincides with the result in |No2| and in [KTS| (under a quasi- 
homogeneous coordinate transformation). 
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6.4.3. Four-point correlators for Ee- Assume that the deformation of Ee is given by 

W — x\ + x\ + t2x\x\ + tsX\X2 + t(,x\ + tgX\ + t<)X2 + f 12- 

We choose the primitive form Yldx\ A dx 2 . The metric and the third- and fourth-order 
terms of the potential are given below: 

lij = hi4-j> for *> J e i 2 > 5 ' 6 > 8 ' 9 > 12 ) 

1 2 1 2 

F 3 = *6*8*12 + *5*9*12 + -S2S\ 2 + j S&S 9 

1 2^22^3^ 2 

8 6 12 8 5 18 8 8 9 
We make the following identification between the A- and the B-models 

(Y Y, Y 2 ,XY 2 ) < — > s 2 9 s 6 s 2 and (X,X,XY,XY) < — > s 2 & s 2 5 , 

and we get the basic four-point correlators in the B-model: 

1 1 

C9962 = -4 and C 88 55 = -7y (97) 

6.4.4. Four-point correlators for E%. Assume that the deformation of £g is given by 

3 5 3 2 3 2 

W = Xj + x 2 + t\x 2 x\ + t\x 2 x\ + ?6X 2 + hX2X\ + t*)X 2 + hoX\ + tnX2 + tis- 
We choose the primitive form dx\ A dx2. In the same manner as before, we obtain: 
m, = for ij e {1,4,6,7,9, 10, 12, 15} 

1 2 1 2 

F 3 = 54*12*15 + *7*9*15 + 56*10*15 + 2 SlS 15 + S 9 S WS\2 + ^ 7 S 12 

Fa = — -^^JlO - "7^*6*7*9 - ^*7*6*12 - TJ S 4*9 ~ ^*4*7*i 

1 1 3 1 2 1 2 

- -S 4 S 6 S 9 S 12 - J^ s l s W ~ yjSiS 9 Su ~ Y7j*l*6*i2- 

By the following correspondence between the A- and the B-models 

(Y Y, Y\XY 3 ) < — > s 2 l2 s 6 sis 2 and (X,X,X,XY 3 ) < — > s 3 w s u 
we get the basic four-point correlators in the B-model: 

Qi2)(i2)6i = -- and C ( io)(io)(io)i = --. (98) 

6.4.5. Four point correlators for D n+1 . Assume that the deformation is given by 

n-\ 

W — x" + x\x\ + ^ tix\ + to\X2- 

i=0 

Then we have the flat coordinates by Noumi's formula 

S r — t r + C r 2jt>l t r +ktn-k 
*01 - ?01 

Here c r is just the Noumi-Yamada function c r $ defined before, but if r + k = n - k then 

Cr := C r fl/2. 

Now the inverse function is given by 

t r — S r — C r 2a:>1 s r+k$n-k 

hi — *01 
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We have the derivative formula 

dt r _ ( if j < r 

dSj ~ \ (1 - Srj)(-C r S n+r -j) + <5r/, if j > T. 

Here the indices should satisfy the restriction 

n + r - j > 1, j > r + 1 . 

We have the basic computation 

n-l 

d Xl W = nx"[~ l +x 2 2 + ^ j itiX^ 1 , d X2 W = 2xix 2 + f i 
i=\ 

Hess w = (-2)(n + \)x\. 

The n + 1 primary fields <pi(s), < z < n - 1 and <7>(oi)(s) are given as below, which are 
functions of the flat coordinates s: 

0(01)0) = T = *2 

Oi(01) 

Choose primitive form 2n dx\ A dxj_. Then, we re-scale pairing and potential function by 
2n. Let (cp) := 2wRes w ( a ^ g w ). Then in flat coordinates, we can normalize the metric 77 
and the three-point functions such that 

Ipq = i'Pp'Pq) 
Cpq r (s) = {(f> p 4> q (f> r ). 

Actually C pqr (s) is the coefficient of the equality 

</> P <f>q<t>r = C pqr ■ (Hess w /(n + 1)) mod d Xi W. 
After a straightforward calculation, we obtain 
Proposition 6.4.4. The three-point correlators of D n+ \ are given as follows: 
( C ijk = 6 i+ j +kA -u far < i,j, k < n - 1 

\ G(Oixoi) = -ndoi, for < i < n - 1; (99) 
V C(oixoixoi) = 
The four-point correlators are 

Cijki = -(n-i-j- i)£; +> <„-i - (n-k-j- ^)6 k+j <„^ -(n-i-k - ^)6 i+k <„-i), 

for < i, j, k < n - 1 

G/(0i)(0i) = -^«+>,«' far < i < n - 1; 

Q(oi)(oi)n-i = —7- for < i < n - 1; 
4n 

The function 8 x < y is defined as 



S x 



1, ifx<y 



J ^~\0 ifx>y 
Corollary 6.4.5. The basic four-point correlator for n > 3 is Cn(n-i)(n-2) = 1 /2n. 
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6.4.6. Four-point correlators for T) T v The singularity D T x is isomorphic to Ai n -\ = 
x' 2n + y' 2 by the quasi-homogeneous isomorphism 

x — (Zi)"x , y — y — ix . 

This induces an isomorphism of Saito's Frobenius manifolds with primitive forms cdx A 
dy — > c(2i)~<dx' A dy' . 

6.4.7. Four-point correlators for A„. The three- and four-point correlators have already 
been calculated in [ Wi2|. Suppose that the deformation is given by 

n-i 

W = x n+l + J] tiX\ 

i=0 

We choose primitive form dx. We list the metric, three- and four-point correlators below: 

ri u = (n + l)6 i+M -u 

Cijk — di+j+k,n-U 

Cijki = — j-y (l + fyt-j- k)6 j+k <„-i + (n-i- k)6 i+k <„-i +(n-i- /)<5,+/<„-i) , 
forO < i,j,k <n - 1. 

6.5. Proof of Theorem 16.1.31 Because of our reconstruction theorem, to prove Theo- 
rem l6.1.3l it suffices to compare the two-point, three-point, and the basic four-point func- 
tions in our theory (A-model) with their analogues in the B-model. 

We have established the isomorphism of Frobenius algebras in Section [5] This means 
that we have matched the unit, the pairing, and the multiplication and hence all three-point 
functions, by the explicit identification of state spaces. The remaining task is to match the 
four-point basic correlators. We shall keep the identification of the unit and multiplication 
fixed. The main idea is to explore the flexibility of re-scaling the primitive form by a 
constant. Re-scaling the primitive form by c corresponds to re-scaling h by 1/c. Hence, 
it still satisfies the corresponding hierarchies. However, the corresponding Frobenious 
manifold structure is different in general This approach seems to give a better conceptual 
picture. For the reader's convenience, we shall list the explicit value of constant we used 
in the proof. 

Our main technical tool is the following observation. Let F^,F^ be the three- and 
basic four-point functions of the A-model and F^, F^ be the three- and basic four-point 
functions of the B-model. Suppose that F^ — F%. Now, we re-scale the primitive form 
by c and make an additional change of variable s, — » A l ^ degc ^ Si) Si. Notice that the above 
change of variable preserves the unit e of the Frobenius algebras. This change of variables 
gives F? — > cA Cw F^ and F% — > cA Cw+l F% . If we choose c = A~ Cw , then F? remains the 
same and F^ — » AF? . Since the linear map Sj — » A l ~ d<,gc(Si) Sj preserves the unit, it preserves 
the metric as well. 

6.5.1. Ej A-model versus E-j B-model of primitive form (-\)~^9dx\ Adx2- The Frobenius 
manifold in the A-model is given by the small phase space quantum cohomology. Take 
the flat coordinates {T\, T3, T4, T5, 7g, Tq, Tg) corresponding to the primary fields {es = 
X 2 Y,e 4 = X 2 ,e 2 = XY,+y 2 e = Y 2 ,e 7 = X,e 5 = T,ei = 1}. The three-point correlators 
give the cubic term of the primary potential F^: 

F3 = l -TlT x + T 9 TiT 3 + T 9 T 6 T 4 - ^T 9 T 2 - ^T 2 T 5 + ^T 7 T 2 b . 
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The basic four-point function is 

-LTlT 3 T 4 + l -T 2 1 T A T l - -^T 6 T 7 T 2 . (100) 

Choose primitive form 9 dx\ A dx 2 on the B-model side. We obtain the same metric and 
the same cubic terms. However, F% = -F%. Then, we choose A = -1 and c = 
It means that we choose primitive form (-1)~59 dx\ A dx 2 . The corresponding linear map 
between state spaces is 

6.5.2. E(, A-model versus E(, B-model of primitive form (— l) - ' 12 dx\ Adx2. Consider the 
A-model. Let the flat coordinates \T 2 , T$, T$, T%, T$, T\ 2 } correspond to the primary fields 
\XY 2 ,XY, Y 2 , X, Y, 1 j. Then we obtain the three-point potential functions: 

Ff = \ T 2 t 2 12 + t 5 t 9 t 12 + r 6 r 8 r 12 + 1 -t % tI (ioi) 

The polynomial corresponding to the basic four-point correlators is 

\t 2 T 6 T 2 9 + ±T 2 5 T 2 . 

On the B-model side, we start from primitive form \ 2dx\ Adx 2 and a linear map between 
state spaces T, — » i,. It matches the unit, pairing and multiplications and hence = F^. 
But we have 

F B A = -F A A . (102) 

Similar to the £7, a choice of A = -1 and c = (-1) ~s will match the A-model to the 
B-model of the primitive form (— \2dx\ A dx 2 . 

14 

6.5.3. E s A-model versus E s B-model of primitive form (— 1) _ ts dx\ A dx 2 . Let {T\, T4, 
T(„ Tj, Tg, Tio, Tu, T\ 5 ) be the flat coordinates in the A-model corresponds to the primary 
fields {XY 3 ,XY 2 , Y 3 ,XY, Y 2 ,X, Y, 1}. we can obtain the three-point potential, the basic 
polynomials, and the basic four-point potential: 

^3 = \ T i T is + TjT 9 T 15 + T 6 T W T 15 + T 4 T 12 T 15 + ^T 7 T 2 2 + T g T 10 T 12 . (103) 

Ft = ^T 1 T 6 T 2 2 + ^T 1 Tf . 

Choose primitive form dx\ A dx 2 and the linear map T, — > s t . Then, we match the unit, 
pairing, multiplication. Hence, we have F A = Fj. But F% = -F$. Then, a choice of 

14 

A = -1 and c = (-1) 15 will match the A-model with the B-model. 

6.5.4. (D„+i,(J), (n odd )) A-model versus D„+i B-model of primitive form (-1) 1 ^4n dx\A 
dx 2 . Consider the A-model. Let {To, T\,--- , T n -\, Toil be the flat coordinates correspond- 
ing to the primary field l,X, ■ ■ ■ ,X n ~ l ,Y. Here {X, Y] has already been identified with 
{e3, +2nrxVe„ + +2nsye„] in the state space Jf?b n+l ,(j)- We have the computation of the 
2-point correlators (metric) 

<X"-\l> = -2 and (Y 2 , 1) = 2n. 

The three -point potential is 

F$ = -2 £ a ijk TiT } T k + nT {) T 2 l7 

i+j+k=(n-l) 
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where 

{1 if i,j, k are mutually not equal; 

1 /2 if only two of i, j, k are equal; 

1/6 if i = j = k 

and the basic four-point polynomial for n > 3 is 

a - —1 l l n -21 n -l- 



2n 



In the B-model, by choosing primitive form -Andx\ A dx 2 and linear map T t — > s,-, we 
have the same pairing as the A-model and cubic term F% = Ff and the basic four-point 
polynomial for n > 3 

1 2 
2« 

Then, a choice of A = -1 and c = (-1) ^ will match the A-model with the B-model. 

6.5.5. D„ + i(Gz) n+] ) A-model versus A 2n -\ B-model of primitive form 2n{j^) L ^ dx. Re- 
call that 

e„+i +i forO</<«-l 
X' h-» < +2yeo for i = n - 1 

e,_„+i for n < z < 2« - 1 

is an isomorphism of graded algebras J^b„ +l ,c Dri+i — > ^a^., ■ The pairing on ^a 2 „_, is given 
by <X 2 "- 2 , 1)^-1 = l/2n, whereas the pairing on ^d„ +1 ,c d „ +1 is easily seen to be given by 
{x 2n-2 A) jr Dn+1 = {en _ uen+l} ^ Dn+1 = i 

The basic four-point correlator is 

(X,X,X 2n - 2 ,X 2 "-X^ =<e„ +2 ,e„ +2 ,e„_ 1 ,e n _ 1 >^ 1 = -. 

u u n 

We start with the primitive form 2n <fx on the B-model side. Then, we have an isomorphism 
between the A-model and the B-model ring with pairing, and hence the potential functions 
have the same cubic terms, i.e., F^ = F^. The basic four-point correlator of the B-model 
is Cii( 2 „-2)(2n-2) = -(4n - 5). Hence, F% = -j^F*. Now, a choice of A = and 
c = A~ V will match the A-model with the B-model. 

6.5.6. D T n+x A-model versus D n +\ B-model of primitive form 2ndx\ Adx 2 . In the D^ +1 A- 
model, the state space Jfw,c w i s generatedby n+1 elements {nx" _1 eo, ei, e3, • • • , ©y+i.e^-i}. 
Identify e 2i+ \ with X' and nx" _1 eo with F. We have computed the metric and the three-point 
correlators: 

(X l ,X } ,X k ) = l if i + j + k = n-l, (l,Y,Y) = -n, 

and the other three-point correlators are zero. 
The basic four-point correlator is 

(x,x,x n -\x n - 2 ) = —. 

2n 

Let {To, T\, ■ ■ ■ , T n -\ , 7oi ) be the flat coordinates with respect to the primary fields { 1 , X, ■ ■ ■ ,X" 
On the B-model side, we choose primitive form 2n dx\ A dx 2 and the linear map T, — » s t . 
Comparing the A-model and the B-model, we have the identity 

Fl 4 (T) = Fl 4 (T). (104) 
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This shows that F A = F B with primitive form 2ndx\ A dx2 and completes the proof of 
Theorem l6.1.3l 
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